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ON SURFACES OF GENERAL TYPE WITH pg = q = 1, K
2 = 3
FRANCESCO POLIZZI
Abstract. The moduli space M of surfaces of general type with pg = q = 1, K2 = g = 3 (where g
is the genus of the Albanese fibration) was constructed by Catanese and Ciliberto in [CaCi93]. In this
paper we characterize the subvariety M2 ⊂ M corresponding to surfaces containing a genus 2 pencil,
and moreover we show that there exists a non-empty, dense subset M 0 ⊂ M which parametrizes
isomorphism classes of surfaces with birational bicanonical map.
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0. Introduction
As the title suggests, this paper deals with surfaces of general type having both geometric genus
and irregularity equal to 1. The problem of classification of surfaces of general type is of exponential
computational complexity; see [Ca92], [Man97], [Ch96]; nevertheless, one can hope to classify at least
those with small numerical invariants. It is well known that there exist surfaces of general type with
pg = q = 0, the first example having been given by Godeaux in [Go31]; later on, many other examples
have been discovered and carefully investigated. On the other hand, since any surface of general type
S satisfies χ(OS) > 0, it follows that q > 0 implies pg > 0; therefore surfaces of general type with
pg = q = 1 are the irregular ones with the lowest geometric genus, and this explains their importance in
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the framework of classification. However, these surfaces are still mysterious, and only a few families have
been hitherto discovered. If S is irregular, then it satisfies Debarre’s inequality K2 ≥ 2pg, and a well-
known result of Miyaoka and Yau implies K2 ≤ 9χ(OS); therefore if pg = q = 1 one has 2 ≤ K2 ≤ 9. A
complete classification has been obtained only in in the cases K2 = 2, 3: see [Ca81], [CaCi91], [CaCi93];
for higher values of K2 one merely knows some “sporadic” examples: see [Ca99], [Pol03]. It is worth
remarking that it is still unknown whether it is possible to construct surfaces of general type with
pg = q = 1, K
2 = 6, 7, 9.
Let S is a minimal surface of general type with pg = q = 1; since q = 1, the Albanese map of S is a
connected fibration α : S −→ E, where E is an elliptic curve. We denote by F a general fibre of α, and
by g := g(F ) the genus of F . Already at the end of the XIX century, Castelnuovo and Enriques were
aware of the feature that distinguishes the irregular surfaces from the regular ones, namely the existence
of continuous systems of curves which are not linearly equivalent: see in particular Chapter IX of [En49].
One can easily construct such a object in S by considering the twists of the canonical bundle by the
pullback via α of a degree zero line bundle over E. This means fixing a zero point 0 ∈ E and considering
for any t ∈ E the line bundle K + t := K +Ft −F0, where Ft is the fibre of α over t. By Riemann Roch
and semi-continuity one has h0(K+t) = 1 for general t, hence denoting by Ct the unique curve belonging
to the linear system |K+ t| one obtains a continuous, 1−dimensional algebraic system of curves {Ct}t∈E
parametrized by the elliptic curve E. It is called paracanonical system and denoted by {K}; see Section
2 for further details. The paracanonical system is a powerful tool in the study of surfaces of general type
with pg = q = 1, because it yields a natural map into a symmetric product of E in the following way.
Let ι = ι(K) be the index of {K}, namely the number of paracanonical curves passing through a general
point of S; therefore we define the so called paracanonical map
ω : S −→ E(ι)
ω(x) := t1 + · · ·+ tι
where x ∈ S is a general point and Ct1 , . . . , Ctι are the paracanonical curves containing it.
The symmetric product E(n) is a Pn−1−bundle over E, which is the projectification of the Atiyah
bundle En of rank n (see Section 1); let us denote by F and D the algebraic classes of a fiber and of a
tautological section respectively. In the sequel S always denotes a minimal surface of general type with
pg = q = 1, K
2 = g = 3. The starting point for our investigations is (see Theorem 2.4)
Theorem (Catanese-Ciliberto). If E is an elliptic curve and D is an effective divisor in E(3) alge-
braically equivalent to 4D − F , then the general element of |D| is a smooth surface with pg = q =
1, K2 = g = 3. Conversely, given a smooth surface of general type with pg = q = 1, K
2 = g = 3,
its paracanonical map ω : S −→ E(3) is a birational morphism onto its image X := ω(S), which is
isomorphic to the canonical model of S. The moduli space M of such surfaces is smooth, irreducible of
dimension 5.
Up to translations, we can suppose D = D0, where D0 is linearly equivalent to 4D0 − F0; in this way
the study of surfaces with pg = q = 1, K
2 = g = 3 is translated into the study of divisors in |D0| having
at worst rational double points (R.D.P.) as singularities.
Let us briefly describe now the three parts in which the paper is divided.
In Part 1 we collect some known results about the n−th symmetric product E(n) of an elliptic curve E,
and we use the Schro¨dinger representation of H3, the Heisenberg group of level 3, described in [CaCi93]
and [ADHPR93] in order to partially answer the following question that Ciliberto and Catanese pose in
[CaCi93, Remark 3.4]: is the linear system |D0|, which has at most simple base points, actually base-
point free? Although we could not solve completely this problem, nevertheless we have been able to
obtain the result below (cf. Theorem 3.8).
Theorem A. The linear system |D0| contains at most the four base points:
0 + η1 + 2η1, . . . , 0 + η4 + 2η4
where ηi is a 3-torsion point of E different from 0.
Part 2 is devoted to the study of surfaces with pg = q = 1, K
2 = g = 3 and a pencil |G| of curves
of genus 2. Xiao constructs them in [Xi85b] by using Jacobian fibrations and modular curves, and he
proves that their moduli space M2 is 1−dimensional and it is isomorphic to the coarse moduli space of
elliptic curves. Therefore one wonders whether it is possible to characterize M2 as a subvariety of the
moduli space M described by Catanese and Ciliberto. This is equivalent to characterize the elements in
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|D0| with at worst R.D.P. as singularities and containing a genus 2 pencil. Our solution is (cf. Theorem
7.1)
Theorem B. There is exactly one divisor X ∈ |D0| containing a genus 2 pencil, and it is smooth.
Moreover, let ξi be any 2−torsion point of E different from zero, and consider the curve:
Aξi = {ξi + x+ (÷x) | x ∈ E}.
Then we have h0(E(3), D0 ⊗ IAξi ) = 1, and X coincides with the only effective divisor in the linear
system |D0 ⊗IAξi |.
The proof of Theorem B is based on a careful analysis of the reducible paracanonical divisors of S, in
the case when S contains a genus 2 pencil: it turns out in particular that there is a very fine interplay
between reducible paracanonical divisors and reducible elements of |G|: this is explained in Proposition
6.11, Corollary 6.14 and Proposition 6.15. Our method gives also some other interesting results: for
instance, we are able to compute the intersection number FG, obtaining FG = 4 (Proposition 6.18).
Finally, we give a description “a` la Campedelli” of surfaces S with pg = q = 1, K
2 = g = 3 containing
a genus 2 pencil, showing that they are double coverings of a Hirzebruch surface F2, branched over a
singular curve that we describe in detail (Proposition 9.2).
In Part 3 we study the bicanonical map of surfaces of general type with pg = q = 1, K
2 = g = 3.
Over the years, the problem of understanding the pluricanonical maps of surfaces of general type has
attracted a considerable amount of attention; one of the most interesting cases is that of the bicanonical
map φ := φ2K . The so-called standard case for the non-birationality of the bicanonical map happens
when one considers a surface S with a genus 2 pencil |G|: in this case, indeed, the bicanonical system
of S cuts out on the general element G of the pencil a g24 composed with the bicanonical involution,
hence φ cannot be birational. There are only finitely many families of surfaces of general type whose
bicanonical map is not birational and which present the non-standard case, i.e. such that they are not
fibered by curves of genus 2; unfortunately, their complete classification is still missing, see [Ci97] for an
account of this subject. The behaviour of the bicanonical map for surfaces with q(S) ≥ 2 or χ(OS) > 1
is completely understood by work of Catanese, Ciliberto, Francia, Mendes-Lopes, Borrelli: see [CFM97],
[CCM98], [CM02], [CM02b], [Bor03]. The remaining cases pg = q = 0 and pg = q = 1 are therefore the
focus of current research in this area. The cases pg = q = 0, K
2 ≥ 7 and pg = q = 1, K2 = 9 have
been settled out respectively by Pardini and Mendes Lopes in [MP01] and [MP03] and by Ciliberto and
Mendes Lopes in [CM02], whereas the case pg = q = 1, K
2 = 8 has been settled out by the author in
[Pol03]. Here we deal with the case pg = q = 1, K
2 = g = 3, and our result is (cf. Theorem 11.1)
Theorem C. There exists a non-empty dense subset M 0 ⊂ M which parametrizes isomorphism classes
of surfaces with birational bicanonical map.
Singular paracanonical divisors of S play a crucial role also in the proof of Theorem C: indeed we
show that the bicanonical map of a smooth surface in |D0| is birational whenever the three paracanonical
curves Cξ, where ξ is a non-zero 2−torsion point of E, are smooth (Theorem 12.4); this turns out to be
a nonempty, open condition (Corollary 12.3).
Finally, we want to point out the main problem, about the bicanonical map, left open by our results:
namely the existence of minimal surfaces of general type with pg = q = 1, K
2 = 3 and presenting the
non-standard case. In other words, does there exist some elements in |D0|, different from X, with at
most R.D.P. as singularities and bicanonical map of degree d > 1? We don’t know any examples, albeit
we have some results in this direction. In fact we showed that:
- the case d = 3 never occurs (Proposition 13.9). It is worth saying that the proof involves an old
result of Kummer about quartic surfaces in P3 containing infinitely many conics (Theorem 13.6);
- in the case d = 2, if a surface S presenting the non-standard case exists then the quotient of S
with respect to the bicanonical involution must be an elliptic surface with pg = 1, q = 0 and
Kodaira dimension 1 (Proposition 8.8). This improves an earlier result of Xiao (Theorem 8.4).
Another interesting problem is to describe the bicanonical image Σ of a general surface with pg = q =
1, K2 = g = 3; Theorem C tells us that Σ has degree 12 in P3. We solved the corresponding problem
when S contains a genus 2 pencil: in this case the bicanonical map has degree 2 and the bicanonical
image is a surface of degree 6 with a quadruple line and seven isolated nodes, see Proposition 10.4.
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Notations and conventions. All varieties, morphisms, etc. in this article are defined over the field
C of the complex numbers. By “surface” we mean a projective, non-singular surface S, and for such
a surface K denotes the canonical class, pg(S) = h
0(S, K) is the geometric genus, q(S) = h1(S, K)
is the irregularity and χ(OS) = 1 − q(S) + pg(S) is the Euler characteristic. We call φ the bicanoni-
cal map of S, namely the rational map φ : S −→ PK
2+χ(OS)−1 induced by the complete linear system
|2KS|. We denote by X the canonical model of S, and we call again φ the bicanonical map of X .
When the canonical class of S is ample, that is when S does not contains (−2)−curves, we often iden-
tify S with X . If S is a surface with pg = q = 1, then α : S −→ E is the Albanese map of S, and
g := g(F ) the genus of its general fibre F . ξ1, ξ2, ξ3 are the non-zero 2−torsion points of E, whereas
η1, · · · , η8 are the non-zero 3−torsion points. The zero point in the law group of E is usually denoted
by 0, but sometimes it is convenient for us to call it ξ0 or η0. If X, Y are two varieties, then X ∼= Y
means that X and Y are isomorphic. If D1, D2 are two divisors, then D1 ∼= D2 means that D1 and
D2 are linearly equivalent, whereas D1 ≡ D2 means that they are algebraically or numerically equivalent.
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Part 1. Symmetric product of elliptic curves and surfaces of general type with pg = q = 1
1. Symmetric products of elliptic curves
For completeness and clarity, we include in this section some basic facts about symmetric products of
elliptic curves that we use in the whole paper; for statements which are given without proofs, we refer
the reader to [CaCi93].
Let E be an elliptic curve, and fix a zero point 0 over it; the n-th symmetric product E(n) is the quotient
of the cartesian product En by the natural action of the symmetric group Sn; hence we can identify the
elements of E(n) with the effective divisors of degree n on E. We denote by ⊕ the sum in the law group
of E and by ÷u the opposite of the element u ∈ E. For any given u we can consider the divisors:
Du = {u+ x2 + · · ·+ xn |x2, . . . , xn ∈ E};
Fu = {x1 + · · ·+ xn |x1 ⊕ · · · ⊕ xn = u}.
The algebraic equivalence classes of Du and Fu are independent from u, and we denote them by D and
F respectively. It is possible to show that these classes generate the Ne´ron-Severi group of E(n), that is
every divisor in E(n) is algebraically equivalent to aD + bF for some a, b ∈ Z.
We observe moreover that the map sending u+ x2 + · · ·+ xn to x2 + · · ·xn determines an isomorphism
between Du and E(n− 1); we will call it the natural identification between these two varieties.
Lemma 1.1. Let us identify Du to E(n− 1) in the natural way. Therefore we have:
(1) OE(n)(Dv)⊗ ODu = OE(n−1)(Dv);
(2) OE(n)(Fv)⊗ ODu = OE(n−1)(Fv÷u).
Proof. Immediate. 
On the other hand Fu is the fibre over u of the Abel-Jacobi map of E(n):
β : E(n) −→ E
β(u1 + · · ·+ un) := u1 ⊕ · · · ⊕ un.
Therefore Fu is isomorphic to P
n−1 ([ACGH85, p.18]), that is E(n) is a Pn−1−bundle over E. Since
H2(E,OE) = 0, it follows that E(n) is the projectification P(En) of a suitable rank n vector bundle En
over E. The vector bundle En can be constructed in the following inductive way: E1 = OE(0), E2 is
defined as the only nontrivial extension of line bundles:
0 −→ OE −→ E2 −→ OE(0) −→ 0
and En is defined as the only nontrivial extension of vector bundles:
0 −→ OE −→ En −→ En−1 −→ 0.
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We call En the Atiyah bundle of rank n. From the previous construction it follows that KE(n) ∼=
−nD0 + F0.
In particular E(2) is a ruled surface over the elliptic curve E with invariant e = −1 (for the definition of
e, see [Ha77, Chapter V]). In this case, sometimes we will denote by f and h the class of the fibre and
of the section respectively; this is done for the first time in Remark 5.5.
We observe that any automorphism g of E naturally induces an automorphism g(n) of E(n); hence E(n)
has a 1−parameter group of automorphisms induced by the group of translations of E. If u ∈ E, we see
that u acts on the set of classes of algebraically equivalent divisors by Dt −→ Dt⊕u, Ft −→ Ft⊕nu.
Proposition 1.2. The group of the translations of E acts transitively on all algebraically equivalent
classes of linear equivalence which are not an integral multiple of the canonical class.
Moreover the homomorphism g −→ g(n) is an isomorphism of Aut(E) onto Aut(E(n)).
Proof. See [CaCi93, Proposition 1.5]. 
An immediate consequence of Proposition 1.2 is that the cohomology of a divisor which is not alge-
braically equivalent to some multiple of −nD+F depends only on its algebraic equivalence class; indeed,
we have the following:
Theorem 1.3 (Catanese, Ciliberto). Let D be a line bundle associated with a divisor algebraically
equivalent to aD + bF . Then:
(1) if a+nb 6= 0, there is exactly one nonzero cohomology group of D, in the following cases: H0(D)
if a ≥ 0, a + nb > 0, H1(D) if a ≥ 0, a + nb < 0, Hn−1(D) if a ≤ −n, a + nb > 0, Hn(D) if
a ≤ −n, a+ nb < 0;
(2) if −n < a < 0 all cohomology groups vanish;
(3) if a + nb = 0 then the Euler-Poincare´ characteristic of D is zero and there are at most two
nonzero cohomology groups, namely
H0(D) and H1(D) if a ≥ 0, Hn−1(D) and Hn(D) if a ≤ −n
and only for finitely many divisors D algebraically equivalent to aD + bF are these cohomol-
ogy groups nonzero.
Moreover, the Euler-Poincare´ characteristic of D is:
χ(D) = (n!)−1(a+ nb) ·
n−1∏
i=1
(a+ i).
Proof. See [CaCi93, Theorem 1.17]. 
The cohomology of the divisors algebraically equivalent to a multiple of the canonical class has a
particular behavior, since it depends also on the linear equivalence class. By using the theory of repre-
sentation of the Heisenberg group of level n, it is possible to prove the following:
Proposition 1.4 (cf. [CaCi93], Section 2). The only effective classes in E(n) which are algebraically
equivalent to a multiple of the canonical class are those obtained by adding to a plurianticanonical class
a divisor class of n−torsion.
Here we give some examples:
• n = 2.
We have h0(E(2),−KE(2)) = h
0(E(2), 2D0 − F0) = 0, whereas h0(E(2),−KE(2) + ξ) = 1 if ξ is
a 2−torsion point different from 0. Hence we obtain three effective divisors algebraically but not
linearly equivalent to the anticanonical divisor of E(2); they are the three smooth elliptic curve
given by:
Tξi := {t+ (t⊕ ξi) | t ∈ E} ∼= −KE(2) + ξi,
where ξi, i = 1, 2, 3 are the three non zero 3−torsion points ofE. In the same way, h
0(E(2),−2KE(2)) =
2 but h0(E(2),−2KE(2) + ξi) = 1. The elements of the anti-bicanonical pencil | − 2KE(2)| are
the curves Ta := {x + (x ⊕ a) | x ∈ E } with 2a 6= 0; notice that Ta = T÷a. Again, we have
three curves algebraically but not linearly equivalent to the divisor −2KE(2), namely the three
reducible curves Tξi +Tξj , where ξi and ξj are two distinct nonzero points of 2−torsion of E. In
fact, one has:
Tξi + Tξj
∼= −2KE(2) + (ξi ⊕ ξj).
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• n = 3.
We have h0(E(3),−KE(3)) = 2; the anticanonical pencil is generated by two of the three anti-
canonical divisors Ψξ, where ξ is a nonzero 2−torsion points of E and:
Ψξ := {u+ v + (u⊕ ξ) |u, v ∈ E}.
The base locus of | −KE(3)| is the curve:
Γ := {x+ (x ⊕ ξi) + (x⊕ ξj) |x ∈ E},
where ξi, ξj are two distinct nonzero 2−torsion points of E. Notice that Γ does not depends on
the choice of ξi and ξj .
Moreover, we have h0(E(3),−KE(3) + η) = 1, where η is one of the eight 3−torsion point in
E−{0}. This means that E(3) contains exactly 8 divisors algebraically but not linearly equivalent
to −KE(3), corresponding to the 0−dimensional linear systems | −KE(3) + ηi|, i = 1, . . . , 8. We
describe these divisors in Section 3.
2. Surfaces of general type with pg = q = 1
Let S be a minimal surface of general type. If pg = 0, then by using the inequality χ(OS) > 0 we
obtain q = 0; this shows that the surfaces of general type with pg = q = 1 are the irregular ones with
the lowest geometric genus. It is well known that for any irregular surface of general type Debarre’s
inequality K2 ≥ 2pg holds (see [De82]); on the other hand, Miyaoka’s inequality yields K2 ≤ 9χ(OS)
for any minimal surface of general type, then if pg = q = 1 we have 2 ≤ K2 ≤ 9. Surfaces with
pg = q = 1, K
2 = 2 were classified in [Ca81], whereas [CaCi91] and [CaCi93] deal with the case K2 = 3.
For higher values of K2 only some “sporadic” examples are known: see [Ca99] and [Pol03].
When pg = q = 1, there are two basic tools that one can use in order to study the geometry of S: the
Albanese fibration and the paracanonical system. First of all, q = 1 implies that the Albanese variety of
S is an elliptic curve E, hence the Albanese map α : S −→ E is a connected fibration; we denote by F
the general fibre of α and by g = g(F ) its genus. Let us fix a zero point 0 ∈ E, and for any t ∈ E let us
write K + t for the line bundle K + Ft − F0. By Riemann-Roch we obtain:
h0(S, K + t) = 1 + h1(S, K + t)
for any t ∈ E − {0}. Since pg = 1, by semicontinuity there is a Zariski open set E′ ⊂ E, containing 0,
such that for any t ∈ E′ we have h0(S, K + t) = 1; we denote by Ct the unique curve in |K + t|. The
paracanonical incidence correspondence is defined to be the surface Y in S × E which is the scheme-
theoretical closure of the set {(x, t) ∈ S × E′ | x ∈ Ct}. Then one can define Ct for any t as the fibre of
Y −→ E over t, and Y provides a flat family of curves on S, that we denote by {K} or by {Ct} and we
call the paracanonical system of S. According to [Be88], {K} is the irreducible component of the Hilbert
scheme of curves on S algebraically equivalent to K which dominates E. We write {K} = Z + {M},
where Z is the fixed part of {K} and {M} is the movable part. Let P be a Poincare´ sheaf on S × E;
then we call K = π∗S(ωS) ⊗ P the paracanonical system on S × E. Let Λ
i := Ri(πE)∗K. By the base
change theorem, Λ0 is an invertible sheaf on E, Λ2 is a skyscraper sheaf of length 1 supported at the
origin and Λ1 is zero at the origin, and supported on the set of points {t ∈ E | h0(S, K + t) > 1}; let
λ := length(Λ1).
Definition 2.1. The index ι = ι(K) of the paracanonical system is the intersection number Y ·({x}×E).
Roughly speaking, ι is the number of paracanonical curves through a general point of S.
If g = g(F ) is the genus of the Albanese fibre of S, then the following relation holds:
ι = g − λ.
λ is actually a topological invariant of S, see [CaCi91, Theorem 1.4]. Moreover ι = 1 if and only if the
movable part {M} of the paracanonical system coincides with the Albanese fibration {F}.
The paracanonical map
ω : S −→ E(ι)
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is defined in the following way: if x is a general point of S, then ω(x) := t1 + · · ·+ tι, where Ct1 , . . . , Ctι
are the paracanonical curves of S passing through x. There is a commutative diagram:
S
ω
!!B
BB
BB
BB
B
α // E
E(ι)
β
OO
When ω is birational, the fibres of β cut out on ω(S) the Albanese fibration, whereas the divisors of {D}
cut out the paracanonical system.
The best result that one might obtain would be to classify the triples (K2, g, ι) such that there exists a
minimal surface of general type S with pg = q = 1 and these invariants. Since by the results of Gieseker
the moduli space Mχ, K2 of surfaces of general type with fixed χ(OS), K
2 is a quasiprojective variety,
it turns out that there exist only finitely many such triples, but a complete classification is still missing.
We already said that only the cases K2 = 2, 3 are hitherto completely understood and what is known
is:
Theorem 2.2 (Catanese). Let S be a minimal surface of general type with pg = q = 1, K
2 = 2. Then
one has g = ι = 2 and the paracanonical map, coinciding with the relative canonical map, is a 2 : 1
morphism ω : S −→ E(2), branched along a divisor algebraically equivalent to 6D− 2F (see Section 1 for
a description of the Ne´ron-Severi group of E(n)). The general paracanonical curve of S is irreducible.
Proof. See [Ca81] 
Theorem 2.3 (Catanese, Ciliberto). Let S be a minimal surface of general type with pg = q = 1, K
2 = 3.
Then either g = ι = 2 or g = ι = 3, and in both cases the paracanonical map coincides with the relative
paracanonical map. More precisely:
• in the case g = ι = 2, ω : S −→ E(2) is not a morphism but its indeterminacy can be resolved
by blowing up a single point of S. Moreover ω is generically 2 : 1 and the branch curve is
algebraically equivalent to 6D.
• in the case g = ι = 3, ω : S −→ E(3) is a morphism which is birational onto its image. Moreover,
ω is an isomorphism of the canonical model of S onto ω(S), which is a divisor with at most simple
singularities in a linear system |D|, where D is a divisor homologous to 4D − F .
In any case the general paracanonical curve of S is irreducible.
Proof. See [CaCi91], [CaCi93]. 
Let us consider now in greater detail the case K2 = g = 3. In this situation one has ι = 3, hence
λ = 0; this means h0(K + t) = 1 for any t ∈ E. Theorem 2.3 says that the canonical model of S, that
we call X , is a divisor in E(3) algebraically equivalent to 4D − F ; more precisely, there is the following
result that we can consider the starting point for our investigations.
Theorem 2.4 (CaCi93, Theorem 3.1). If E is an elliptic curve and D is an effective divisor in E(3)
algebraically equivalent to 4D − F , then the general element of |D| is a smooth surface with pg = q =
1, K2 = g = 3. Conversely, if we have a smooth surface of general type with pg = q = 1, K
2 = g = 3,
then its paracanonical map ω : S −→ E(3) is a birational morphism onto its image ω(S), which is
isomorphic to the canonical model X of S. The corresponding moduli space M is generically smooth,
irreducible, uniruled of dimension 5.
Notice that we have |D| = | −KE(3) +Du| for some u ∈ E.
Remark 2.5. The dimension of M can be computed as follows. Since the group of translations of E(3)
acts transitively on the set of linear equivalence classes of divisor algebraically equivalent to 4D − F
(Proposition 1.2 ), we can suppose that the canonical model X of S belongs to |D0|, where D0 is a divisor
linearly equivalent to 4D0 − F0. Since h0(E(3), D0) = 5 (Theorem 1.3 ) and the elliptic curves depend
on 1 parameter, we obtain dim M = 5.
Vice versa, any element in |D0| with at most rational double points as singularities is the canonical
model of a minimal surface of general type with pg = q = 1, K
2 = g = 3. Moreover, the linear system
|D0| contains at most simple base points ([CaCi93, Lemma 3.3]); it follows by Bertini’s theorem that the
general element of |D0| is smooth. This in turn implies that the general surface S with pg = q = 1, K2 =
g = 3 has ample canonical class. In this case we often identify it with its canonical model X ∈ |D0|.
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3. Base points of |D0|
In [CaCi93, Remark 3.4] the authors wonder whether the linear system |D0|, which has at most
isolated, simple base points (cf. [CaCi93, Proposition 1.19 and Lemma 3.3]), is actually base-point free.
They suspect so, but don’t give a complete proof. In this section we prove that |D0| has at most four
base points (see Theorem 3.8). This result was inspired by the paper [ADHPR93], which contains a
careful analysis of the surfaces belonging to the linear systems | − KE(3)| and | − KE(3) + ηi|. Let us
denote by Xηi the unique element of | −KE(3) + ηi|, and let A ∈ | −KE(3)|.
Proposition 3.1 (ADHPR93). The following holds:
(1) the general element A in the pencil | −KE(3)| is a smooth, abelian surface isogenous to E × E,
and the restriction of β : E(3) −→ E to A gives rise to a smooth, isotrivial elliptic fibration
A −→ E. Moreover the pencil contains four singular elliptic scrolls A1, . . . ,A4;
(2) any Xηi is a smooth bielliptic surface of type 6 (see Chapter VI of [Be96]). The restriction of β
gives rise to a smooth, isotrivial elliptic fibration Xηi −→ E, whereas the pencil | −KE(3)| cuts
out on Xηi an isotrivial pencil of elliptic curves with three triple fibres.
The proof of this result, as well as the proof of Theorem 1.3, is based on the representation theory
of the Heisenberg group. Here we are mostly interested in the Heisenberg group of level 3, which is the
central extension:
1 −→ µ3 −→ H3 −→ Z3 × Z3 −→ 1
defined by the relation [σ, τ ] = ε−1, where σ, τ generate Z3×Z3 and ε := e
2pii
3 generates µ3. If x0, x1, x2
are a basis of the vector space H0(OP2(1)), the Schro¨dinger representation of H3 is defined as follows:
σ(xi) = xi−1; τ(xi) = ε
−ixi; ε(xi) = εxi,
where i is counted modulo 3. If we consider the induced action on H0(OP2(3)), the center ε of H3 acts
trivially, hence it descends to a representation of Z3 ×Z3, which splits in 1−dimensional subrepresenta-
tions because Z3×Z3 is abelian. Let (a, b) be the character of Z3×Z3 such that σ acts by εa and τ acts
by εb, and let us write:
H0(OP2(3)) =
⊕
(a,b)
V(a,b),
where V(a,b) is the eigenspace corresponding to the character (a, b). The invariant subspace V(0,0) has
dimension 2 and it is generated by the two polynomials:
x30 + x
3
1 + x
3
2, x0x1x2;
they span a pencil of cubics, called the Hesse pencil, having the property that its base points coincide
with the inflexion points of its elements. The Hesse pencil contains four singular members, namely the
four triangles:
T(1,0) = x0x1x2
T(1,2) = (x0 + ε
2x1 + ε
2x2)(x0 + x1 + εx2)(x0 + εx1 + x2)
T(0,1) = (x0 + εx1 + ε
2x2)(x0 + ε
2x1 + εx2)(x0 + x1 + x2)
T(1,1) = (x0 + x1 + ε
2x2)(x0 + εx1 + εx2)(x0 + ε
2x1 + x2);
notice that the twelve edges of these triangles are the twelve lines joining three of the base points. All
the subspaces V(a,b) with (a, b) 6= (0, 0) are 1−dimensional, and their generators are the following:
C(1,0) = x
3
0 + εx
3
1 + ε
2x32
C(2,0) = x
3
0 + ε
2x31 + εx
3
2
C(0,1) = x0x
2
1 + x1x
2
2 + x2x
2
0
C(1,1) = x0x
2
1 + εx1x
2
2 + ε
2x2x
2
0
C(2,1) = x0x
2
1 + ε
2x1x
2
2 + εx2x
2
0
C(0,2) = x
2
0x1 + x
2
1x2 + x
2
2x0
C(1,2) = x
2
0x1 + εx
2
1x2 + ε
2x22x0
C(2,2) = x
2
0x1 + ε
2x21x2 + εx
2
2x0.
(1)
Propositions 3.2 and 3.3 describe how the curves C(a,b), T(i,j) intersect each other; since their proofs are
nothing but straightforward computations, we leave them to the reader.
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Proposition 3.2. The curve C(a,b) contains the vertices of the triangle T(i,j) if and only if (i, j) 6=
±(a, b). In this case, the intersection multiplicity of C(a,b) and T(i,j) at each vertex is equal to 3.
Proposition 3.3. Let C(a1,b1), C(a2,b2) be two different cubics in (1). Then all their intersection points
are vertices of some triangle T(i,j), according to one of the following two cases:
(1) if (a1, b1) = −(a2, b2) then C(a1,b1) and C(a2,b2) intersect transversally at the vertices of the three
triangles T(i,j) with (i, j) 6= ±(a1, b1);
(2) if (a1, b1) 6= −(a2, b2), then C(a1,b1) and C(a2,b2) intersect at the vertices of the two triangles T(i,j)
with (i, j) 6= ±(a1, b1),±(a2, b2). More precisely, they intersect transversally at the vertices of
T±(a1+a2,b1+b2) and they have a simple contact at the vertices of T±(a1−a2,b1−b2).
Since [σ, τ ] = ε−1 onH0(OP2(1)), the action ofH3 descends to an action of Z3×Z3 on P(H
0(OP2(1))
∗) ∼=
P2. It is possible to give an action of Z3 × Z3 on E(3) = P(E3), in such a way that on each fiber of this
projective bundle it lifts to the Schro¨dinger representation of H3; this can be done by identifying Z3×Z3
with the group of 3−torsion points of E, and by considering the corresponding subgroup of translations:
that is, ηi acts on x+ y + z ∈ E(3) as follows:
(2) ηi · (x + y + z) := (x⊕ ηi) + (y ⊕ ηi) + (z ⊕ ηi).
Notice that, for any i 6= 0, the subgroup 〈 1, ηi, 2ηi 〉 generated by ηi fixes pointwise the curve Nηi :=
{x+ (x ⊕ ηi) + (x⊕ 2ηi) | x ∈ E}.
Proposition 3.4. For any i 6= 0, Nηi is a smooth, elliptic curve in E(3) such that:
NηiD = 1, NηiF = 3.
Proof. Let η := ηi. Since Nη is isomorphic to E, it is a smooth, elliptic curve. Set theoretically we can
write:
Nη ∩D0 = Nη ∩Dη = Nη ∩D2η = {0 + η + 2η},
and since D0, Dη, D2η intersect transversally at the point 0 + η + 2η, this implies NηD = 1. Let
us consider now the surface Ψξ := {u + v + (u ⊕ ξ) | u, v ∈ E}, where ξ is one of the three non-zero
2−torsion points of E. We know by Section 1 that Ψξ belongs to the anticanonical pencil of E(3), and
it is immediate to verify that Ψξ ∩Nη = ∅; hence (3D − F )Nη = 0, that is NηF = 3. 
The elements A ∈ | − KE(3)| and the eight divisors Xηi are invariant for the action (2) (see also
Proposition 1.2); if we restrict them to any fibre F ∼= P2 of E(3), then | − KE(3)| cuts out the Hesse
pencil, whereas the Xηi ’s cut out the eight cubics C(a,b). The four triangles T(i,j) are cut out on F by
the four singular scrolls A1, . . . ,A4. Moreover, Proposition 3.4 tells us that, for any nonzero 3−torsion
point η, the curve Nη intersects any fibre F of E(3) transversally in 3 points, which in turn correspond
to the vertices of one of the triangles T(i,j). The nine base points of the Hesse pencil are cut out on F
by the curve Γ, base locus of | −KE(3)|. Looking at Propositions 3.2 and 3.3, we obtain:
Proposition 3.5. Any bielliptic surface Xηi contains exactly three curves Nηj , namely the ones with
ηj 6= ηi, 2ηi. These curves are the three triple fibres of the pencil cut out on Xηi by | − KE(3)|. More
precisely, each curve Nηj is contained in exactly one singular elliptic scroll Aj, and it is the set-theoretical
intersection of Aj and Xηi .
Remark 3.6. The curve Nηj actually coincides with the singular locus of the elliptic scroll Aj. Moreover,
the scheme-theoretical intersection of Aj and Xηi is not reduced, because Nηj appears in it with multiplicity
3.
Proposition 3.7. Let ηi, ηj be two distinct, non-zero 3−torsion points of E. Then the two surfaces
Xηi , Xηj intersect along some of the curves Nηk , according to one of the following two cases:
(1) if ηj = 2ηi, then Xηi and Xηj intersect transversally along the three curves Nηk with ηk 6= ηi, 2ηi;
(2) if ηj 6= 2ηi, then Xηi and Xηj intersect along the two curves Nηk with ηk 6= ηi, 2ηi, ηj , 2ηj. More
precisely, they intersect transversally along the curve Nηi⊕ηj , and they have a simple contact
along the curve N2(ηi⊕ηj).
In the sequel we identify the group of 3−torsion points of E with Z3 × Z3 in the following way:
η1 ←→ (0, 1), η2 ←→ (1, 0), η3 ←→ (1, 1), η4 ←→ (1, 2).
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Therefore, according with Proposition 3.7, any intersection of Xηi and Xηj is described in the following
table:
(3)
Xη1 Xη2 Xη3 Xη4 X2η1 X2η2 X2η3 X2η4
Xη1 • η3, 2η4 η4, 2η2 η2, 2η3 η2, η3, η4 η4, 2η3 η2, 2η4 η3, 2η2
Xη2 η3, 2η4 • η4, 2η1 η3, 2η1 η4, 2η3 η1, η3, η4 η1, 2η4 η1, 2η3
Xη3 η4, 2η2 η4, 2η1 • η2, 2η1 η2, 2η4 η1, 2η4 η1, η2, η4 η1, 2η2
Xη4 η2, 2η3 η3, 2η1 η2, 2η1 • η3, 2η2 η1, 2η3 η1, 2η2 η1, η2, η3
X2η1 η1, η3, η4 η4, 2η3 η2, 2η4 η3, 2η2 • η3, 2η4 η4, 2η2 η2, 2η3
X2η2 η4, 2η3 η1, η3, η4 η1, 2η4 η1, 2η3 η3, 2η4 • η4, 2η1 η3, 2η1
X2η3 η2, 2η4 η1, 2η4 η1, η2, η4 η1, 2η2 η4, 2η2 η4, 2η1 • η2, 2η1
X2η4 η3, 2η2 η1, 2η3 η1, 2η2 η1, η2, η3 η2, 2η3 η3, 2η1 η2, 2η1 •
Table 3 has to be read in the obvious way: for instance, it says that the scheme-theoretical intersection
of Xη1 and Xη2 is Nη3 + 2Nη4 , the scheme-theoretical intersection of Xη1 and X2η1 is Nη2 +Nη3 +Nη4 ,
and so on.
We are now ready to prove the main result of this section.
Theorem 3.8. The linear system |D0| contains at most the four base points
0 + η1 + 2η1, . . . , 0 + η4 + 2η4.
Proof. For any non-zero 3−torsion point ηi, let us consider the reducible divisor Yηi := Xηi+D2ηi . Since
Xηi ∈ | −KE(3) + ηi|, it follows Yηi ∈ |D0|. Then it is sufficient to show that, set-theoretically:
(4)
8⋂
i=1
Yηi = {0 + ηk + 2ηk | k = 1, 2, 3, 4}.
Looking at Table 3, we find that the intersection of the eight divisors Xηi is empty, as well as any
intersection of seven of them. On the other hand, the intersection of four or more divisors algebraically
equivalent to D is empty too. For any subset I ⊂ {ηi | i 6= 0}, let us define:
XI :=
⋂
η∈I
Xη, DI :=
⋂
η∈I
Dη, 2I := {2η | η ∈ I},
whereas |I| denotes as usual the number of elements in I. Therefore, according to the above remark we
have:
8⋂
i=1
Yηi =
8⋂
i=1
(Xηi ∪D2ηi) = A ∪B
where
A :=
⋃
|I|=6, |J|=2
|I∪J|=8
(I∪2I)∩J=∅
(
XI ∩DJ
)
,
B :=
⋃
|I|=5, |J|=3
|I∪J|=8
(I∪2I)∩J=∅
(
XI ∩DJ
)
.
Looking again at table 3, it follows that A contains exactly four non empty terms, namely:
Xη1 ∩ X2η1 ∩ Xη2 ∩X2η2 ∩ Xη3 ∩ X2η3 ∩Dη4 ∩D2η4 = Nη4 ∩Dη4 ∩D2η4 = {0 + η4 + 2η4}
Xη1 ∩ X2η1 ∩ Xη2 ∩X2η2 ∩ Xη4 ∩ X2η4 ∩Dη3 ∩D2η3 = Nη3 ∩Dη3 ∩D2η3 = {0 + η3 + 2η3}
Xη1 ∩ X2η1 ∩ Xη3 ∩X2η3 ∩ Xη4 ∩ X2η4 ∩Dη2 ∩D2η2 = Nη2 ∩Dη2 ∩D2η2 = {0 + η2 + 2η2}
Xη2 ∩ X2η2 ∩ Xη3 ∩X2η3 ∩ Xη4 ∩ X2η4 ∩Dη1 ∩D2η1 = Nη1 ∩Dη1 ∩D2η1 = {0 + η1 + 2η1}.
On the other hand, the only terms in B that could give contribution are of the form:
X±ηi ∩ Xηj ∩ X2ηj ∩ Xηk ∩X2ηk ∩D±2ηi ∩Dηl ∩D2ηl
where (i, j, k, l) is a permutation of (1, 2, 3, 4). Using again table 3 one sees that all the intersections of
this type are empty, hence B = ∅. Therefore we proved equality (4), and we are done.

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4. A remarkable element inside |D0|
We have hitherto described some property of the linear system |D0|, whose general element is a smooth
surface of general type with pg = q = 1, K
2 = g = 3. From the point of view of the deformation theory,
it would be interesting to know how kind of singular elements are contained in |D0|. We already know
that it contains the eight reducible divisors Yηi = Xηi +D2ηi and the pencil D0 + | −KE(3)|; hence it is
natural to wonder if there are irreducible, singular elements. In this section we show that the answer is
yes, by explicitly exhibiting one of them. Let us start by considering the following three curves in E(3):
for any i = 1, 2, 3 let us define
ℓi = {ξi + x+ (x⊕ ξi) | x ∈ E}.
Proposition 4.1. We have
ℓiD = 1, ℓiF = 2.
Proof. Let u ∈ E be a general point. Set theoretically we have ℓi∩Du = ℓi∩Du⊕ξi = {ξi+u+(u⊕ ξi)};
on the other hand, since Du and Du⊕ξi intersect transversally at the point ξi + u + (u ⊕ ξi), we obtain
ℓiD = 1. Let us consider now the set-theoretical intersection of ℓi with a fibre of E(3), say F0; this is
equal to
ℓi ∩ F0 = {0 + ξi + ξi, ξ1 + ξ2 + ξ3}.
On the other hand, since ℓi is a smooth elliptic curve which dominates E, the restriction to ℓi of the
projection β : E(3) −→ E must be e´tale; this in turn implies that ℓi intersects transversally the fibres of
β, hence ℓiF = 2. 
Let us define the following surface in E(3):
Y := {x+ (x⊕ y) + y | x, y ∈ E}.
Proposition 4.2. The following holds:
(1) Y is an irreducible element of |D0|;
(2) the curves ℓ1, ℓ2, ℓ3 are double curves of Y and Y contains no other singularities;
(3) the desingularization of Y is ruled.
Proof. (1) Let Fu be a general fibre of E(3); if v is one of the four points of E such that 2v = u, then
the intersection of Y and Fu is given by the four curves
r0 := {v + x+ (v ÷ x) | x ∈ E}, and
ri := {(v ⊕ ξi) + x+ (v ⊕ ξi ÷ x) | x ∈ E} i = 1, 2, 3.
(5)
Via the identification of Fu with P
2, these curves are four lines, hence Y is algebraically equivalent to
4D + aF . On the other hand, an explicit computation shows that, for general u, v ∈ E, the surface Y
intersects transversally the elliptic curve Du ∩Dv = {u+ v+ x | x ∈ E} at the three points u+ v+(u⊕
v), u + v + (v ÷ u), u + v + (u ÷ v). Therefore (4D + aF )D2 = 3, that is Y is algebraically equivalent
to 4D− F . Let us consider now the scheme-theoretical intersection Y∩Du; it consists of the two curves
{x + (x ⊕ u) | x ∈ E} and {x + (u ÷ x) | x ∈ E}. If one identifies Du with E(2) in the natural way,
these curves are linearly equivalent respectively to 4h0 − 2f0 and fu, hence the intersection Y ∩ Du is
reduced and it is linearly equivalent to 4h0 − fu. This implies Y ∈ |D0|. Finally, Y contains no divisors
algebraiucally equivalent to D, hence it must be irreducible.
(2) Since any curve of typeDu·Y is reducible, Y turns out to be singular, because the general paracanonical
curve of a surface with pg = q = 1, K
2 = g = 3 is irreducible (see Theorem 2.3). In order to understand
the singularities of Y, let’s look more carefully at the intersection of Y with Fu. We already remarked
that such a intersection consists of four “lines” r0, . . . , r3 whose explicit equations are given by (5). The
points in which these lines intersect are
P1 = v + (v ⊕ ξ1) + ξ1; P2 = v + (v ⊕ ξ2) + ξ2; P3 = v + (v ⊕ ξ3) + ξ3;
Q1 = (v ⊕ ξ2) + (v ⊕ ξ3) + ξ1; Q2 = (v ⊕ ξ1) + (v ⊕ ξ3) + ξ2; Q3 = (v ⊕ ξ1) + (v ⊕ ξ2) + ξ3.
If u 6= 0 these are six distinct points, and so the four lines r0, . . . , r4 form a complete quadrilateral in
Fu. If u = 0 we have only four distinct points, namely ξ1 + ξ2 + ξ3, 0 + ξ1 + ξ1, 0 + ξ2 + ξ2, 0 + ξ3 + ξ3;
in this case the quadrilateral degenerates, because there are three lines passing through the first point.
On the other hand, notice that for any i = 1, 2, 3 the curve ℓi intersects the fibre Fu transversally at the
two points Pi, Qi and not elsewhere; from this is follows that ℓ1, ℓ2, ℓ3 form the whole singular locus of
Y. They are double curves of Y since the singularities of Y ∩ Fu are ordinary nodes for u 6= 0; moreover,
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ℓ1, ℓ2, ℓ3 meet at the point ξ1 + ξ2 + ξ3 and not elsewhere.
(3) Since Y is covered by rational curves, its desingularization is a ruled surface. 
Remark 4.3. It is immediate to check that Y contains the four points 0+ η1 +2η1, . . . , 0+ η4+2η4, cf.
Theorem 3.8.
5. Smooth elements of |D0|
Theorem 2.4 tells us that a smooth element X ∈ |D0| is a minimal surface of general type with
pg = q = 1, K
2 = g = 3 and ample canonical class; conversely, any minimal surface with these invariants
and ample canonical class is embedded in E(3) as a divisor X ∈ |D0| by means of a translate of the
paracanonical map. In the sequel we always identify S with X whenever K is ample. This section is
devoted to establish some numerical results which hold in this situation.
Lemma 5.1. If K is ample, then do not exist two points x, y ∈ S such that the paracanonical curves
passing through x coincide with the paracanonical curves passing through y.
Proof. IfK is ample then the paracanonical map ω : S −→ E(3) is an immersion, that is the paracanonical
system separates the points on S. 
Lemma 5.2. If K is ample, then a paracanonical divisor and an Albanese fibre have at most one
common irreducible component A. Moreover in this case A is a reduced, smooth rational curve with
A2 = −3, KA = 1.
Proof. Since K is ample, the surface S is a smooth divisor in E(3) algebraically equivalent to 4D − F ,
and the paracanonical system {K} is cut out on S by the divisors of the system {D}. On the other
hand, we can identify a fibre of the Abel-Jacobi map β : E(3) −→ E with P2, and with this identification
the divisors of {D} cut out on this fibre an elliptic 1−dimensional system of lines; then A is one of
these lines, so it is a reduced, smooth rational curve; moreover KA = 1 because two distinct lines in P2
intersect in a single point. 
Corollary 5.3. If K is ample, then a paracanonical curve C contains at most one rational component
A, appearing with multiplicity one. Moreover A is smooth and A2 = −3. It follows that every irreducible
component B of C with pa(B) = 1 is smooth.
Proof. This is an immediate consequence of Lemma 5.2, since a rational component of C must be
contained in a fibre of the Albanese map. 
Proposition 5.4. Let us suppose that K is ample, and let C be a reducible paracanonical divisor on S.
Then it is reduced, and there are only the following possibilities for C:
(1a) C = A+B with A2 = −2, KA = 2, B2 = −3, KB = 1, AB = 4;
(1b) C = A+B with A2 = 0, KA = 2, B2 = −1, KB = 1, AB = 2;
(2a) C = A+B1 +B2 with B
2
i = A
2 = −1, KBi = KA = 1,
B1B2 = 1, BiA = 1;
(2b) C = A+B1 +B2 with B
2
i = −1, KBi = 1, A
2 = −3, KA = 1,
B1B2 = 0, BiA = 2.
Moreover, all the irreducible components of C are smooth and intersect transversally except possibly
in the case (1b).
Proof. First of all, we prove that the paracanonical divisors are reduced. In fact, let C be a reducible
paracanonical divisor; since K is ample and K2 = 3, C contains at most three irreducible components.
So, if C is not reduced, we would have either C = 3A or C = 2A + B. The former case is impossible
because we would have A2 = 1/3. So we have to consider only the latter case. Clearly KA = KB = 1,
and by the Index Theorem K2A2 ≤ (KA)2, K2B2 ≤ (KB)2. Then A2 ≤ 0, B2 ≤ 0, so the genus
formula implies that A and B are either rational or elliptic. By Corollary 5.3, C contains at most one
rational component that appears with multiplicity one; then we can suppose that A is not rational, that
is A is elliptic with A2 = −1. The arithmetic genus of C is:
4 = pa(C) = pa(2A) + pa(B) + 2AB − 1,
and this implies 5 = pa(B)+2AB, that is pa(B) = 1, AB = 2. Now we have C = 2A+B = A+(A+B)
and A(A+B) = 1; this is a contradiction, because C is 2-connected ([Bo73, Lemma 1 p.181]), hence C
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is reduced.
Now, assume that C contains only two distinct connected components, C = A + B. Without loss of
generality, we can suppose KA = 2, KB = 1; then the Index Theorem implies either B2 = −3 or
B2 = −1. On the other hand we have KB = (A + B)B, that is AB = 1 − B2. Therefore B2 = −3
implies AB = 4, hence A2 = −2, whereas B2 = −1 implies AB = 2, that is A2 = 0. These are the cases
(1a) and (1b).
Finally assume that C contains three distinct connected components, that is C = A1+A2+A3. Clearly
KAi = 1, so by Index Theorem (Ai)
2 = −1 or (Ai)2 = −3. Then we have the following four cases:
(1) (A1)
2 = −1, (A2)2 = −1, (A3)2 = −1;
(2) (A1)
2 = −1, (A2)2 = −1, (A3)2 = −3;
(3) (A1)
2 = −1, (A2)2 = −3, (A3)2 = −3;
(4) (A1)
2 = −3, (A2)2 = −3, (A3)2 = −3.
Cases (3) and (4) are excluded by Corollary 5.3; if (1) occurs, then from the relations (A1+A2+A3)Ai = 1
we obtain A1A2+A1A3 = A1A2+A2A3 = A1A3+A2A3 = 2, that is AiAj = 1 for i 6= j, and this is the
case (2a). In a similar way we can see that (2) corresponds to case (2b).
Since all the irreducible components in the cases (1a), (2a), (2b) are rational or elliptic, Corollary 5.3
implies that they are smooth curves.
To complete the proof , it remains to show that all the irreducible components of C intersect transversally
except in the case (1b). This is obvious in case (2a); in case (1a), since B is a component of an Albanese
fibre, a multiple intersection would correspond to a ramification point of the morphism α|A : A −→ E
and this is a contradiction because a morphism between two elliptic curves is e´tale; the case (2b) is
similar. 
Remark 5.5. It is possible to give a nice geometric interpretation of Proposition 5.4. Indeed, if K is
ample then the paracanonical map ω gives an isomorphism between S and its canonical model X ∈ |D0|.
Moreover the paracanonical system {K} is cut out on X by the surfaces of {D}. But it is also possible
to ”reverse” the point of view, that is we can see the paracanonical curve C := Cu as the divisor cut out
by X on Du. Consider the standard identification of Du with E(2), and let f be the class of a fibre and
h be the tautological class. By Theorem 2.4, we have C ≡ 4h− f as a divisor in E(2); therefore, if C is
reducible, Theorem 1.3 implies that we have only the following possibilities for its irreducible components:
(1a) C = A+B, where A ≡ 4h− 2f, B ≡ f ;
(1b) C = A+B, where A ≡ 3h− f, B ≡ h;
(2a) C = A+B1 +B2, where A ≡ 2h− f, B1, B2 ≡ h;
(2b) C = A+B1 +B2, where A ≡ f, B1, B2 ≡ 2h− f .
It is clear that these four possibilities are exactly the cases which appear in Proposition 5.4. We remark
that the curve A in case (1a) belongs to | − 2KE(2)|, whereas the curve A in case (2a) and the curves
B1, B2 in case (2b) are algebraically but not linearly equivalent to −KE(2) (see Section 1 ).
Now, we recall that a fibre of E(3) cuts out on Du ∼= E(2) a fibre f and on S an Albanese fibre F ; an
immediate consequence of this fact and of the previous remark is the following:
Corollary 5.6. With the same notations of Proposition 5.4, we have:
(1a) FA = 4, FB = 0;
(1b) FA = 3, FB = 1;
(2a) FA = 2, FB1 = FB2 = 1;
(2b) FA = 0, FB1 = FB2 = 2.
Proposition 5.7. If K is ample, then two distinct paracanonical curves Cu and Cv have at most one
common component, which is a smooth elliptic curve A with KA = 1.
Proof. The components of the scheme-theoretical intersection of Cu and Cv are reduced by Proposition
5.4 and they must be contained in the intersection Du ∩ Dv, which is the smooth elliptic curve A =
{x+ u+ v | x ∈ E}. 
Proposition 5.8. If K is ample, then any elliptic curve A which is contained in a fibre of the Albanese
pencil of S satisfies KA = 3.
Proof. If one identifies the fibres of E(3) with P2, A must be a plane cubic curve, hence KA = 3. 
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Part 2. Surfaces of general type with pg = q = 1, K
2 = 3 and a rational pencil of genus 2.
6. Reducible paracanonical divisors
Throughout this section, S is a minimal surface of general type with pg = q = 1, K
2 = g = 3
containing a pencil |G| of curves of genus 2. |G| is necessarily a rational pencil, because {F} is the only
irrational pencil on S (this follows from the universal property of the Albanese map). Let us recall the
following:
Proposition 6.1. There exists exactly one irreducible family of minimal surfaces of general type with
pg = q = 1, K
2 = 3 and a rational pencil |G| of curves of genus 2, and this family is parametrized by the
coarse moduli space of elliptic curves. Moreover:
(1) g = 3;
(2) the pencil |G| is base point free;
(3) |G| is the only genus 2 pencil on S;
(4) |G| contains 13 singular fibres; six of these are elliptic curves with an ordinary double point, the
other seven consist of two smooth elliptic curves intersecting transversally at a single point.
Proof. The first assertion is [Xi85b, Theorem 6.5]; (1) follows from [Xi85b, Theorem 6.5], (2) is [Ho77,
Theorem 5], (3) follows from [Xi85b, Theorem 6.5] and (4) from [Xi85b, Lemma 3.11 and Theorem
3.16]. 
Since the dimension of the moduli space M of surfaces with pg = q = 1, K
2 = g = 3 is 5, it follows
that the general surface with these invariants does not contain any genus 2 pencil.
Notation 6.2. We denote by M2 the moduli space of surfaces with pg = q = 1, K
2 = g = 3 which
contain a genus 2 pencil.
Proposition 6.1 tells us that M2 is a subvariety of M isomorphic to the j−line. The construction
of M2 given by Xiao in [Xi85b] involves Jacobian fibrations and modular forms. The aim of Section 7
will be to explicitly describe M2 as a subscheme of M (Theorem 7.1); in order to do this, we have to
prove some general facts about the paracanonical system of surfaces belonging to M2. Our first step is
to show, by means of a numerical argument, that if S contains a genus 2 pencil, then it doesn’t contain
(−2)−curves. This will allow us to apply to S the results of Section 5.
Proposition 6.3. If S contains a pencil |G| of curves of genus 2, then K is ample.
Proof. Assume by contradiction that K is not ample; then S contains a (−2)−curve Γ. By the Index
Theorem we have (Γ + G)2K2 ≤ [(Γ +G)K]2, that is 3(−2 + 2ΓG) ≤ 4; then ΓG ≤ 1. Moreover, part
(4) of Proposition 6.1 shows that Γ is not a component of a reducible fibre of |G|; then ΓG ≥ 1, that is
ΓG = 1. Let now W1 + Z1, . . . ,W7 + Z7 be the seven reducible fibres of the pencil |G|; since ΓG = 1,
without loss of generality we can suppose WiΓ = 0, ZiΓ = 1 for any i. We claim that the classes of
the curves W1, . . . ,W7, Γ, K, G are independent in Num(S). Indeed, assume a numerical equivalence
relation:
(6)
7∑
k=1
akWk + bΓ + cK + dG ≡ 0
holds, where ak, b, c, d are integers. Multiplying (6) by Wi, Γ, K,G we obtain the following relations
among the coefficients: 

−ai + c = 0 (i = 1, . . . , 7)
−2b+ d = 0∑7
k=1 ak + 3c+ 2d = 0
b+ 2c = 0.
Equivalently: 

−2b+ d = 0
5c+ d = 0
b+ 2c = 0,
and since this homogeneous linear system has only the zero solution, our claim is proved. Then:
rank Num(S) ≥ 10.
On the other hand Noether’s formula gives c2(S) = 9, then h
1,1(S) = c2(S)− 2 + 4q − 2pg = 9, so:
rank Num(S) ≤ h1,1(S) = 9,
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which is a contradiction. 
Lemma 6.4. Let u ∈ E, u 6= 0 and let G be a general element of |G|. Then h0(G, Cu|G) = 1.
Proof. Let us consider the short exact sequence:
0 −→ OS(Cu −G) −→ OS(Cu) −→ OG(Cu|G)→ 0.
From this, since u 6= 0, we obtain the following exact sequence of cohomology groups:
0 −→ H0(S, Cu −G) −→ H
0(S, Cu) −→ H
0(G, Cu|G) −→ H
1(S, Cu −G) −→ 0.
Now H2(S, Cu − G) = H
0(S, K − Cu + G) = 0. In fact let us suppose that G
′ ∈ |K − Cu + G| is
effective; then since GG′ = 0, G′ must be union of components of fibres of |G|. On the other hand we
have (G′)2 = 0, hence Zariski’s lemma (see [BPV, p.90]) implies G′ ∼= rG for some r ∈ Q. But we have
G′ ≡ G as well, then we obtain G′ ∼= G and this is impossible since u 6= 0.
Then Riemann Roch theorem gives:
h0(S, Cu −G)− h
1(S, Cu −G) =
1
2
(Cu −G)(Cu −G−K) + 1 = 0,
and from the exact sequence (6) we obtain h0(G, Cu|G) = h0(S, Cu) = 1 as we desired. 
Corollary 6.5. Let G be a smooth curve in the genus 2 pencil, and let u ∈ E, u 6= 0. If Cu cuts out on
G the divisor p+ q, then C÷u cuts out the divisor p+ q, where p, q are the points which are conjugates
to p, q with respect to the hyperelliptic involution of G.
Proof. Since Cu + C÷u ∈ |2K|, Cu + C÷u cuts out on G an element of the bicanonical series, which is
composed with the canonical g12 . Now Lemma 6.4 implies p+ q /∈ g
1
2 , so the result follows. 
Corollary 6.6. Let G be a smooth curve in the genus 2 pencil and let p ∈ G. If {Cu, Cv, Cw} are
the paracanonical curves through p, then {C÷u, C÷v, C÷w} are the paracanonical curves through p. In
particular, if p ∈ Ct, then p ∈ C÷t.
Proof. Immediate by Corollary 6.5. 
Corollary 6.7. Let G be a smooth curve in the genus 2 pencil and p ∈ G be a Weierstrass point. If
p ∈ Cu, then also p ∈ C÷u.
Proof. Obviously we can suppose u 6= 0. Let p + q be the divisor cut out on G by Cu; since p is a
Weierstrass point, Lemma 6.4 implies p 6= q. Therefore Corollary 6.5 implies that C÷u cuts out on G
the divisor p+ q = p+ q. 
Corollary 6.8. Let G a smooth curve in the genus 2 pencil. Then any paracanonical divisor Cξi , i 6= 0,
cuts out on G two distinct Weierstrass points.
Proof. Let p+ q be the divisor cut out on G by Cξi ; from Lemma 6.4 we have p+ q /∈ |KG|. Moreover,
since 2Cξi ∈ |2K|, we have 2p+ 2q ∈ |2KG|; but |2KG| is composed with |KG|, so we get 2p, 2q ∈ |KG|,
and this means that p, q are Weierstrass points of G. Finally, Lemma 6.4 implies p 6= q. 
The next one is a crucial step:
Proposition 6.9. Let us suppose that S contains a genus 2 pencil |G|. Then the three paracanonical
curves Cξi , i 6= 0, are reducible.
Proof. Let us suppose that Cξi is irreducible and let p ∈ Cξi be a general point. Let Gp be the curve of G
which contains p; since p is general, Gp is a smooth genus 2 curve. Then by Corollary 6.8 we know that
p is a Weierstrass point of Gp, and since p ∈ Cξi Corollary 6.7 shows that the three paracanonical curves
passing through p are {Cξi , Cu, C÷u} for some u ∈ E. Then p ∈ Fξi⊕u÷u = Fξi , and since p ∈ Cξi is
a general point this means that Cξi is a component of Fξi . Using Zariski’s lemma we get (Cξi)
2 ≤ 0,
which is a contradiction. 
Remark 6.10. On the other hand, it will turn out that the canonical curve K of S is smooth (and
hyperelliptic): see Proposition 9.2.
Proposition 6.3 shows that if S contains a genus 2 pencil |G| then K is ample. Since we have just
proven that the paracanonical divisors Cξi , i = 1, 2, 3 are reducible, each of them must fall into one of
the cases described in Proposition 5.4. The situation is explained by the following:
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Proposition 6.11. The paracanonical divisors Cξi , i 6= 0 are reducible of type (2b) (see Proposition
5.4 ). More precisely we can write:
(7) Cξi = Aξi +Bij +Bik,
where FAξi = 0, FBij = FBik = 2 and (i, j, k) is a permutation of (1, 2, 3). Moreover, if we identify S
with its canonical model X ∈ |D0|, we have:
Aξi = {ξi + x+ (÷x) | x ∈ E};
Bij = {ξi + x+ (x⊕ ξj) | x ∈ E};
Bik = {ξi + x+ (x⊕ ξk) | x ∈ E}.
(8)
Proof. Let us identify S with X ∈ |D0|. The argument in the proof of Proposition 6.9 actually shows that
the curves Cξi and Fξi have a common component. Let us denote it by Aξi ; then Aξi = {ξi+x+(÷x) |x ∈
E}. Now, let us consider the curve Cξ1 ; it is cut out on X by the divisor Dξ1 ⊂ E(3). If we identify
Dξ1 with E(2) in the natural way, the curve Aξ1 corresponds to the fibre f0, and X cuts out on E(2) a
divisor linearly equivalent to 4h0 − fξ1 (see Lemma 1.1). Therefore if B := Cξ1 −Aξ1 and we define b as
the curve cut out by B on Dξ1 , then the following linear equivalence relation holds:
4h0 − fξ1 ∼= f0 + b,
that is b ∼= −2KE(2) + ξ1. Therefore the first example after Proposition 1.4 implies that up to the
identification of Dξ1 with E(2) we have b = Tξ2 + Tξ3 , hence:
B = {ξ1 + x+ (x⊕ ξ2) |x ∈ E}+ {ξ1 + x+ (x⊕ ξ3) |x ∈ E},
and this gives the desired decomposition of Cξ1 . Of course we can repeat exactly the same argument for
Cξ2 and Cξ3 , and we are done. 
Remark 6.12. Each Bij is a smooth elliptic curve, and we have:
Bij · Bkl =


1 if i=l, j=k
−1 if i=k, j=l
0 otherwise.
Proposition 6.13. If X ∈ |D0| contains a genus two pencil |G|, then the four elliptic curves:
Ni := Nηi = {x+ (x⊕ ηi) + (x⊕ 2ηi) | x ∈ E} (i 6= 0)
are contained in X.
Proof. Let i ∈ {1, 2, 3, 4} be fixed. Proposition 3.4 tells us NiD = 1, NiF = 3; therefore in E(3) we have
NiX = Ni(4D − F ) = 1. On the other hand, the three curves Aξi are contained in X by Proposition
6.11, hence the three points ξ1+(ξ1⊕ηi)+(ξ1⊕2ηi), ξ2+(ξ2⊕ηi)+(ξ2⊕2ηi), ξ3+(ξ3⊕ηi)+(ξ3⊕2ηi)
belong to X . Since these points belong to Ni as well, it follows by Be´zout that Ni is contained in X . 
Corollary 6.14. Let X as above and i 6= 0. Then the two paracanonical divisors Cηi and C2ηi are both
reducible and they contain a common component, namely the elliptic curve
Mi := {x+ ηi + 2ηi | x ∈ E}.
Proof. Let i ∈ {1, 2, 3, 4} be fixed. Since the curves Aξ1 , Aξ2 , Aξ3 are contained in X , the three points
ξ1+ ηi+2ηi, ξ2 + ηi +2ηi, ξ3 + ηi +2ηi belong to X . Moreover, Proposition 6.13 implies that the point
0 + ηi + 2ηi belongs to X as well (cf. Theorem 3.8). Since Cηi · C2ηi = 3, it follows by Be´zout that Cηi
and C2ηi have a common component, which must be the curve Mi according to Proposition 5.7. 
We are now able to completely describe the reducible fibres of |G| (cf. Proposition 6.1).
Proposition 6.15. Let X ∈ |D0| be a divisor containing a genus 2 pencil |G|. Then the seven reducible
fibres of |G| are the following:
G1 := B23 +B32; G2 := B13 +B31; G3 := B12 +B21;
G∗1 :=M1 +N1; G
∗
2 :=M2 +N2;
G∗3 :=M3 +N3; G
∗
4 :=M4 +N4.
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The seven singular points of these fibres are respectively:
P1 = 0 + ξ2 + ξ3; P2 = 0 + ξ1 + ξ3; P3 = 0 + ξ1 + ξ2;
P ∗1 = 0 + η1 + 2η1; P
∗
2 = 0 + η2 + 2η2;
P ∗3 = 0 + η3 + 2η3; P
∗
4 = 0 + η4 + 2η4.
Proof. By Remark 6.12 we have (Bij + Bji)
2 = 0; since moreover G(Bij + Bji) = 0, it follows by
Zariski’s lemma that G1, G2, G3 are reducible fibres of |G|. Let us consider now G∗1 := M1 + N1. We
have M1N1 = 1, and moreover M
2
1 = N
2
1 = −1, hence (M1 + N1)
2 = 0. Since M1B23 = N1B23 =
M1B32 = N1B32 = 0, it follows G1(M1+N1) = 0 and one concludes again by using Zariski’s lemma. 
As a consequence, we obtain the following result.
Corollary 6.16. There is exactly one smooth surface in |D0| containing a genus 2 pencil.
Proof. Since surfaces with pg = q = 1, K
2 = g = 3 and a genus 2 pencil do exist, the linear system
|D0| contains at least one such surface X . Suppose that there is another one, say X ′. Then X ′ cuts out
on X a divisor linearly equivalent to 4K − F0 which contains, according to Proposition 6.15, the seven
curves G1, . . . G3, G
∗
1, . . . , G
∗
4. This would imply that 4K−F0− 7G is an effective class of divisors in X ,
a contradiction because (4K − F − 7G)K = −6 < 0. 
Notation 6.17. In the sequel of this paper we denote by X the unique smooth surface in |D0| containing
a genus 2 pencil.
Proposition 6.18. The Ne´ron-Severi group of X has rank 9 and it is generated by the following classes:
K, G, B12, B13, B23, M1, M2, M3, M4.
Moreover, the following linear relations hold in Pic(X):
(1) 3K ∼= 3G+
∑3
i=1 Aξi
(2) F0 + 3G ∼= 2K +
∑4
i=1Mi
(3) F0 +
∑4
i=1Ni
∼= 2K +G.
As a consequence, we have FG = 4.
Proof. Since rk NS(X) ≤ h1,1(X) = 9, it is sufficient to show that the above classes are numerically
independent, and this can be done by using exactly the same argument as in proof of Proposition 6.3.
Relation (1) is obtained by summing up the three equations Cξi = Aξi + Bij + Bik, and by using
Proposition 6.15. Consider now the surface Y := {x + (÷x) + y | x, y ∈ E}. One can easily see
(for instance, by intersecting it with D0) that Y ∼= D0 + F0; hence Y cuts out on X a curve linearly
equivalent to K +F0. On the other hand, such a curve contains Aξ1 , Aξ2 , Aξ3 , M1, M2, M3, M4; since
K(K +F0) = K(
∑3
i=1 Aξi +
∑4
j=1Mj) and K is ample, it follows K +F0
∼=
∑3
i=1 Aξi +
∑4
j=1Mj ; thus
using relation (1) we obtain (2). (3) is a consequence of (2) since Proposition 6.15 implies
∑4
i=1Mi
∼=
4G−
∑4
i=1Ni. Finally, multiplying the two sides of (1) by F we get FG = 4 and we are done. 
7. The description of the locus M2
The following is the main result of Part 2.
Theorem 7.1. If a divisor in |D0| contains one of the three curves Aξi (i 6= 0), then it contains all the
curves Aξ1 , Aξ2 , Aξ3 . Moreover there exists exactly one such a divisor, namely X.
Theorem 7.1 tells us that for any i = 1, 2, 3 we have:
h0(E(3), D0 ⊗IAξi ) = h
0(E(3), D0 ⊗IAξ1 ⊗IAξ2 ⊗IAξ3 ) = 1,
and the only effective divisor in the linear system |D0 ⊗IAξi | is the smooth surface X. It is clear that,
by varying the isomorphism class of E, we obtain a description of M2 as a subvariety of codimension 4
in M .
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Proof. Let ξi a 2−torsion point on E different from 0. We firstly show that we have h0(E(3), D0 ⊗
IAξi
) = 1. Let us make the natural identification between Dξi and E(2) (see Section 1); therefore
Lemma 1.1 implies:
OE(3)(F0)⊗ ODξi = OE(2)(fξi),(9)
OE(3)(D0)⊗ ODξi = OE(2)(h0),(10)
and moreover:
ODξi (Aξi) = OE(2)(f0).(11)
Consider the exact sequence of sheaves in E(3):
(12) 0 −→ O(D0 −Dξi) −→ O(D0) −→ O(D0)|Dξi −→ 0.
Since ξi is a 2−torsion point different from 0, we obtain:
h0(E(3), D0 −Dξi) = h
0(E(3), 4D0 − F0 −Dξi)
= h0(E(3), −KE(3) + ξi) = 0
(13)
(see Proposition 1.4), hence also h1(E(3), D0 −Dξi) = 0 by Proposition 1.3. It follows that there is an
isomorphism:
(14) H0(E(3), D0)
∼=
−−→ H0(Dξi , D0|Dξi ).
Now we have a commutative diagram:
0 −→ H0(E(3), D0 ⊗IAξi )
//

H0(E(3), D0)

0→ H0(Dξi , (D0 ⊗IAξi )|Dξi )
// H0(Dξi , D0|Dξi )
and this shows that the isomorphism (14) induces an isomorphism:
H0(E(3), D0 ⊗IAξi )
∼=
−−→ H0(Dξi , (D0 ⊗IAξi )|Dξi ).
Applying relations (9), (10) and (11) we get:
H0(Dξi , (D0 ⊗IAξi )|Dξi ) = H
0(E(2), 4h0 − fξi − f0)
= H0(E(2), −2KE(2) + ξi) = C,
that is h0(E(3), D0 ⊗ IAξi ) = 1 for i = 1, 2, 3. By Proposition 6.11, X contains the three curves
Aξ1 , Aξ2 , Aξ3 . Thus, if Xi denotes the unique effective divisor inside the linear system |D0 ⊗IAξi |, we
obtain X1 = X2 = X3 = X. This completes the proof. 
Remark 7.2. On the other hand we have h0(E(3), D0 ⊗IAξ0 ) = 3, see Proposition 8.10.
8. Surfaces with bicanonical map of degree 2.
Let S be a minimal surface of general type and σ : S −→ S be a birational involution. Then σ
is biregular, and its fixed locus is given by a (possibly reducible) smooth curve R′ and isolated fixed
points p1, . . . , pt. Let π : Ŝ −→ S be the blow-up of S at p1, . . . , pt; therefore σ extends to an involution
σˆ : Ŝ −→ Ŝ whose fixed locus is:
R̂ = R̂′ +
t∑
i=1
Ei,
where Ei is the exceptional divisor over pi and R̂
′ is a smooth curve isomorphic to R′. Let T :=
S/σ, Ŵ := Ŝ/σˆ and let ψ : S −→ T, ψˆ : Ŝ −→ Ŵ be the projections onto the quotients. The surface T
has t nodes, whereas Ŵ is smooth and we have a commutative diagram:
Ŝ
π
−−−−→ Syψˆ yψ
Ŵ
ρ
−−−−→ T,
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where ρ is the blow-up of T at the nodes. ψˆ is a double cover and its branch locus B̂ is given by:
B̂ = B̂′ +
t∑
i=1
Ωi,
where the Ωi’s are (−2)−curves. Let L̂ be the element in Pic(Ŵ ) such that 2L̂ = B̂ and which determines
ψˆ. Then we have ψˆ∗OŜ = OŴ ⊕ L̂
−1, where OŜ is the invariant part and L̂
−1 is the anti-invariant part
of ψˆ∗OŜ under the action of σˆ. Since ψˆ is a double cover, the invariants of Ŝ and Ŵ are related in the
following way (see [BPV84, p.183]):
K2
Ŝ
= 2(K
Ŵ
+ L̂)2,
χ(OŜ) = 2χ(OŴ ) +
1
2 L̂ · (KŴ + L̂),
pg(Ŝ) = pg(Ŵ ) + h
0(Ŵ , K
Ŵ
+ L̂),
q(Ŝ) = q(Ŵ ) + h1(Ŵ , K
Ŵ
+ L̂).
Let us suppose now that the bicanonical map of S has degree 2. Then S possess the so called bicanonical
involution σ : S −→ S, which exchanges the two sheets of the (generically) double cover φ : S −→ Σ.
Notice that by definition φ is composed with σ, that is we have a commutative diagram:
Ŝ
φˆ //
ψˆ
&&LL
LL
LL
LL
LL
LL
L Σ
Ŵ
µ
88rrrrrrrrrrrrr
where the map µ is birational. The existence of such a diagram implies that the following equalities hold
(see [CM02, Proposition 6.1]):
(15)
(i) (2K
Ŵ
+ B̂′)2 = 2K2S;
(ii) χ(O
Ŵ
(2K
Ŵ
+ L̂)) = 0;
(iii) K
Ŵ
· (K
Ŵ
+ L̂) = χ(O
Ŵ
)− χ(OS).
If S is a surface of general type with a pencil of curves of genus 2, then the bicanonical map φ of S is
not birational, because |2K| cuts out the general curve of the pencil a subseries of the bicanonical series,
composed with the hyperelliptic involution. This is the so called standard case for the non-birationality
of the bicanonical map. Let d := degφ; there is the following:
Theorem 8.1 (Xiao). Let S be a minimal surface of general type with a genus 2 pencil |G|. Suppose
moreover P2(S) ≥ 4. Then d = 2 unless we are in one of the following cases:
(1) pg = q = 4, K
2 = 8, S is the product of two curves of genus 2; in this case d = 4;
(2) pg = 2, q = 1 or 2, K
2 = 4, S has two pencils of curves of genus 2; in this case d = 4;
(3) pg = 1, q = 0, K
2 = 4, S has the genus 2 pencil |G| and a genus 3 pencil |M | and GM = 4; in
this case d = 4;
(4) pg = 1, q = 0, K
2 = 2 or 3; in this case d = 2 or 4;
(5) some fibration with pg = q = 2, K
2 = 8 and pg = q = 1, K
2 = 4; in these cases d = 4.
Proof. See [Xi85b, Theorem 5.6] 
Remark 8.2. The assumption P2(S) ≥ 4 is necessary. Indeed if we consider a surface S with pg = q =
1, K2 = g = 2 ( these surfaces are studied in [Ca81] ), then we have P2(S) = 3, and the bicanonical map
is a covering of degree 8 of P2.
Corollary 8.3. The bicanonical map φ of a surface of general type with pg = q = 1, K
2 = g = 3 and a
genus 2 pencil |G| has degree 2.
On the other hand, we say that a surface of general type with non birational bicanonical map presents
the non-standard case if it does not contain any pencil of curves of genus 2. There are only finitely many
families of surfaces presenting the non standard case, but a complete classification is still missing. In
the paper [Xi90] Xiao gave a long list of possibilities; later on several authors investigated about their
real occurrence. In the case pg = q = 1, K
2 = g = 3 we can state the results of Xiao in the following
Theorem 8.4, that we call the “Xiao’s list”:
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Theorem 8.4 (Xiao’s list). Let S be a minimal surface of general type with pg = q = 1, K
2 = g = 3
and bicanonical map of degree 2, presenting the non-standard case. Then only the following possibilities
can occur:
(A) Ŵ is a ruled surface. In this case Ŵ must be rational and S contains a pencil of hyperelliptic
curve of genus 3, 5 or 7.
(B1) Ŵ is an Enriques surface;
(B2) Ŵ is a regular surface with geometric genus 1 and Kodaira dimension 1.
The aim of this section is to improve this result: indeed we will show that cases (A) and (B1) actually
don’t occur (Proposition 8.8). We don’t know whether case (B2) occurs or not.
Let j : E(3) −→ E(3) be the automorphism given by j(x+ y + z) = (÷x) + (÷y) + (÷z).
Definition 8.5. We say that a subvariety X ⊂ E(3) is symmetric if j(X) = X.
In the remainder of this section S always denotes a minimal surface of general type with pg = q =
1, K2 = g = 3 and bicanonical map of degree 2, andX ∈ |D0| is its canonical model. Notice that we don’t
make the assumption that the canonical class K of S is ample, so S a priori can contain (−2)−curves,
whose contraction gives rise to some rational double points on X . The bicanonical involution σ : S −→ S
of S induces a biregular involution σc : X −→ X of X . The following lemma shows that the behavior of
σc is very simple:
Lemma 8.6. X is a symmetric divisor in E(3) and the involution σc : X −→ X coincides with the
restriction of j to X.
Proof. It is sufficient to show that, if {Cu, Cv, Cw} are the paracanonical curves passing through a
general point x of S, then {C÷u, C÷v, C÷w} are the paracanonical curves passing through the point
y = σ(x). Since any automorphism of S sends paracanonical curves into paracanonical curves, there
exists an automorphism σ of E such that σ(Cu) = Cσ(u). This implies that the paracanonical curves
passing through y are {Cσ(u), Cσ(v), Cσ(w)}. On the other hand σ is the bicanonical involution of S and
Ct + C÷t ∈ |2K| for any t ∈ E, then we must have either σ(t) = t or σ(t) = ÷t for any t ∈ E. The first
case is impossible, otherwise σ would be the identity map; it follows σ(t) = ÷t and we are done. 
Lemma 8.6 implies the existence of a commutative diagram:
S
ω
−−−−→ E(3)yσ yj
S
ω
−−−−→ E(3).
Notice that the fixed locus of the involution j is given by four smooth curves Aξ0 , . . . , Aξ3 and four
isolated points ρ0, . . . , ρ3, where:
Aξi := {ξi + x+ (÷x) |x ∈ E};
ρi := ξj + ξk + ξl,
and (i, j, k, l) is a permutation of (0, 1, 2, 3). Observe moreover that both Aξi and ρi belong to Fξi for
every i. It follows as soon the following:
Corollary 8.7. The fixed curve of the involution σc : X −→ X is contained in the disjoint union:
Aξ0 ⊔ . . . ⊔Aξ3 .
We remark explicitly that the Aξi ’s are four smooth rational curves in E(3) such that DAξi = 1; hence
if Aξi is contained in X , then its strict transform in S is a smooth, rational curve with self-intersection
−3; with a little abuse of notation, we denote it again by Aξi . By Corollary 8.7 the fixed curve R
′ of the
bicanonical involution σ : S −→ S is composed by some of the Aξi ’s plus possibly some (−2)−curves.
Now we can rule out the cases (A) and (B1) of Xiao’s list.
Proposition 8.8. Let S be a minimal surface of general type with pg = q = 1, K
2 = g = 3. Suppose
that the bicanonical map φ has degree 2. Then either Ŵ is ruled, and in this case S contains a genus
2 pencil, or Ŵ is an elliptic surface of Kodaira dimension 1 with pg(Ŵ ) = 1, q(Ŵ ) = 0. If the latter
possibility occurs, then S presents the non-standard case, and in particular S belongs to case (B2 ) of
Xiao’s list.
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Proof. Let n, 0 ≤ n ≤ 4, be the number of components of type Aξi in the curve R
′, h be the number of
(−2)−curves in R′ and t the number of isolated fixed points of σ. Therefore the curve B′ is composed
of n disjoint smooth rational curves Θ1, . . . ,Θn such that Θ
2
i = −6, KŴΘi = 4 and of h disjoint
smooth rational curves Γ1, . . . ,Γh such that Γ
2
i = −4, KŴΓi = 2. Using the notation introduced at the
beginning of this section, we can write:
2L̂ = B̂ =
n∑
i=1
Θi +
h∑
i=1
Γi +
t∑
i=1
Ωi,
and an easy calculation shows that the following equalities hold:
(16)
L̂2 = − 12 (3n+ 2h+ t);
K
Ŵ
L̂ = 2n+ h;
L̂B̂′ = −3n− 2h;
(B̂′)2 = −6n− 4h;
K
Ŵ
B̂′ = 4n+ 2h.
Substituting (16) in (15) we obtain equations relating K2
Ŵ
, χ(O
Ŵ
), n, h and t:
(17)
(i′) 2K2
Ŵ
+ 5n+ 2h− 3 = 0;
(ii′) 4K2
Ŵ
+ 9n+ 4h− t+ 4χ(O
Ŵ
) = 0;
(iii′) n− t+ 8χ(O
Ŵ
)− 4 = 0.
Eliminating K
Ŵ
from (i′) and (ii′) in (17) we can write:
(18)
(i′′) −t− n+ 4χ(O
Ŵ
) + 6 = 0;
(ii′′) −t+ n+ 8χ(O
Ŵ
)− 4 = 0.
Finally, we subtract (ii′′) from (i′′) in (18) obtaining a single relation between n and χ(O
Ŵ
):
(19) χ(O
Ŵ
) =
1
2
(5− n).
From (19), it follows that there are only the two following numerical possibilities for n, t and the invariants
of the surface Ŵ :
(20)
(a) n = 3, t = 7, χ(O
Ŵ
) = 1, K2
Ŵ
= −(6 + h);
(b) n = 1, t = 13, χ(O
Ŵ
) = 2, K2
Ŵ
= −(1 + h).
Suppose that case (a) occurs. Since n = 3, the canonical model X of S contains at least one curve Aξi
with i 6= 0; therefore by Theorem 7.1 we obtain S = X = X, that is S contains a genus 2 pencil; moreover
Proposition 6.3 implies h = 0, hence K2
Ŵ
= −6.
Let us consider now case (b). Since n = 1, Theorem 7.1 implies that the canonical model X of S contains
the curve Aξ0 and that S belongs to the non-standard case. We get χ(OŴ ) = 2, that is Ŵ is neither
rational nor Enriques. It follows that S is of type (B2) of Xiao’s list. 
Remark 8.9. In case (a ) the 7 isolated fixed points of σ coincide with the 7 singular points of the
reducible fibres of the genus 2 pencil |G|.
If a surface of type (b) exists, then lemma 8.6 and the above discussion show that its canonical model
is a symmetric element inside |D0 ⊗ IAξ0 |. Contrary to |D0 ⊗ IAξi |, i 6= 0, which contains the only
divisor X, the linear system |D0 ⊗Aξ0 | contains many elements. Indeed we can prove the following
Proposition 8.10. We have
h0(E(3), D0 ⊗IAξ0 ) = 3.
Moreover, the general element of |D0 ⊗IAξ0 | is smooth.
Proof. Let us consider the surface Y described in Section 4. Since Y contains Aξ0 , it follows by Proposition
4.2 that it belongs to the linear system |D0 ⊗ IAξ0 |. It follows that |D0 ⊗ IAξ0 | contains the linear
system spanned by the pencil D0 + | −KE(3)|, having D0 as fixed part, and by the irreducible surface
Y; this implies h0(E(3), D0 ⊗IAξ0 ) ≥ 3. On the other hand, it is immediate to check that the surface
X does not contain the curve Aξ0 , but it contains some points of it, namely the four points P
∗
1 , . . . , P
∗
4
(see Proposition 6.15); this shows that the codimension of H0(E(3), D0 ⊗IAξ0 ) in H
0(E(3), D0) is at
least 2, that is h0(E(3), D0 ⊗IAξ0 ) ≤ 3. Hence h
0(E(3), D0 ⊗IAξ0 ) = 3.
The points of E(3) which are singular for all the members of the pencil D0 + | −KE(3)| are given by the
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intersection of the curve Γ = {x + (x ⊕ ξ1) + (x ⊕ ξ2) | x ∈ E}, base locus of | −KE(3)|, with D0; this
yields the three points 0 + ξ1 + ξ2, 0 + ξ1 + ξ3, 0 + ξ2 + ξ3. Therefore the smoothness of the general
element of |D0 ⊗ IAξ0 | will follow by Bertini’s theorem if we are able to show that these points don’t
belong to Sing(Y). But this is clear because Proposition 4.2 shows that Sing(Y)= ℓ1 ∪ ℓ2 ∪ ℓ3, hence
Sing(Y)∩D0 consists of the four points ξ1 + ξ2 + ξ3, 0 + ξ1 + ξ1, 0 + ξ2 + ξ2, 0 + ξ3 + ξ3.
This completes the proof. 
We don’t know how many symmetric elements exist in |D0 ⊗IAξ0 |; the only example we have is the
surface Y but it is too singular: actually it is not a surface of general type, see Proposition 4.2.
9. A double cover construction
In this section and in the next one S denotes afresh a surface with pg = q = 1, K
2 = g = 3 containing
a genus 2 pencil |G|. We want to give a description of it “ a` la Campedelli”, that is as a double covering
of a rational surface. It will turn out that this description is actually the description of the double cover
associated with the hyperelliptic involution of S, which coincides with the bicanonical involution (see
Proposition 9.1). We will prove moreover that, although the paracanonical curves Cξ1 , Cξ2 , Cξ3 of S are
reducible by Proposition 6.9, the canonical curve K is actually a smooth, hyperelliptic curve of genus 4
(see Proposition 9.1). In Part 3 of the paper this fact will be a crucial point in the proof of Theorem
12.4.
Let us denote by Gi =Wi + Zi, i = 1, . . . , 7 the seven reducible curves of |G| and let Pi =Wi ∩ Zi. Let
G be a general curve of |G|; [Bo73, Theorem A p.177] says h1(S, −G) = 0, hence we can write down the
following exact sequence:
0 −→ H0(S, K) −→ H0(S, K +G) −→ H0(G, ωG) −→ H
1(S, K) −→ 0.
This implies h0(S, K +G) = 2, and from the sequence:
0 −→ H0(S, K +G) −→ H0(S, K + 2G) −→ H0(G, ωG) −→ 0
we obtain h0(S, K + 2G) = 4. Since (K + 2G)|G ∼= ωG, P1, . . . , P7 are base points of |K + 2G|;
we claim that there are no other base points. Indeed, observe that all the base points of |K + 2G|
belong to the unique canonical curve K of S because |2G| is base point free; hence, (K + 2G)K = 7
means that there are at most seven base points, and this implies our claim. Let π : Ŝ −→ S be the
blow-up of S at the points P1, . . . , P7 and let Ei be the exceptional divisor over Pi; in the sequel, the
symbol ′′̂′′ denotes the strict transform of a curve with respect to this blow-up. The linear system
|π∗(K + 2G)−
∑7
i=1 Ei| has dimension 3 and it is base-point free; since (π
∗(K + 2G)−
∑7
i=1 Ei)
2 = 4,
it follows that |π∗(K + 2G)−
∑7
i=1 Ei| induces a degree 2 morphism:
fˆ2 : Ŝ −→ P
3,
whose image Q is a nondegenerate quadric surface Q; on the other hand, if 〈 t 〉 is a basis for H0(S, K)
and 〈 s1, s2 〉 is a basis for H0(S, G), we can complete 〈 s21t, s
2
2t, s1s2t 〉 to a basis of H
0(K + 2G), and
this shows that Q is a quadric cone. The curves of the genus 2 pencil |G| are mapped 2 : 1 to the lines
of the cone; moreover, since (π∗(K +2G)−
∑7
i=1 Ei)(π
∗K −
∑7
i=1 Ei) = 0, the strict transform K̂ of K
is contracted to the vertex v.
Let us consider the linear system |K + 3G|; exactly as above, we obtain that its dimension is 5 and it
has exactly 7 base points at P1, . . . , P7; therefore (π
∗(K + 3G)−
∑7
i=1Ei)
2 = 8 implies that the linear
system |π∗(K + 3G) −
∑7
i=1 Ei| induces a morphism fˆ3 of degree 2 onto a F2 surface embedded in P
5.
In other words, we have the following commutative diagram:
(21)
Ŝ
id
−−−−→ Ŝyfˆ3 yfˆ2
F2
p
−−−−→ Q,
where p is the blow-up of Q at the vertex v; we remark that from diagram (21) it follows that the image
via fˆ3 of the curve K̂ is the unique (−2)− section C0 of F2.
Now we want to describe the branch locus B of fˆ3; if B ∼= 2(aL+ bC0), then Hurwitz formula applied to
the double covering fˆ3|G : G −→ L implies:
(aL+ bC0)L = 3,
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that is b = 3 and therefore:
(22) B ∼= 2aL+ 6C0.
Furthermore, we have
π∗(Gi) = Ŵi + Ẑi + 2Ei, i = 1, . . . , 7
where Ŵi := π
∗(Wi)− Ei and Ẑi := π∗(Zi)− Ei are elliptic curves with self-intersection −2 in Ŝ.
Let Li be the image via fˆ3 of the curve Ei; Li is a fibre of F2 such that fˆ
∗
3 (Li) = Ŵi + Ẑi + 2Ei. This
implies that there are at least seven different fibres in the branch locus of fˆ3; thus, B = B
♯ +
∑7
i=1 Li,
where B♯ is a curve linearly equivalent to (2a− 7)L+ 6C0.
It is clear that fˆ3 cannot contract horizontal curves respect to the genus 2 pencil |Ĝ| in Ŝ, because the
ruling of F2 is base-point free; then if there are contracted curves, they must be irreducible components of
some curve of |Ĝ|. But therefore the relations (π∗(K+3G)−
∑7
i=1 Ei)Ŵk = (π
∗(K+3G)−
∑7
i=1Ei)Ẑk =
0 and (π∗(K + 3G) −
∑7
i=1 Ei)Ek = 1 imply that fˆ3 contracts exactly the 14 curves Ŵi, Ẑi. It follows
that the only non negligible singularities of the branch locus B are 14 ordinary quadruple points, lying
on the fibres Li; then the only non negligible singularities of the curve B
♯ are 14 ordinary triple points
xi, yi ∈ Li, 1 ≤ i ≤ 7. On the other hand, B doesn’t contain non-negligible singularities, since K is
ample by Proposition 6.3.
Now we can calculate the integer a in (22); indeed by [BPV, p.183] we have:
K2
Ŝ
= 2(KF2 + (aL+ 3C0))
2 − 28,
and this means a = 11, that is B ∼= 22L+ 6C0 and B♯ ∼= 15L+ 6C0.
Let us keep the notations of Section 8, and let us consider the morphism ψˆ : Ŝ −→ Ŵ . Notice that that
part (a) of relations (20) implies that Ŵ is a smooth rational ruled surface such that K2
Ŵ
= −6, that
is Ŵ is a minimal Hirzebruch surface blown-up 14 times. There are 14 (−1)−curves in Ŵ , which are
images via ψˆ of the curves Ŵi, Ẑi. If we contract these (−1)−curves, we obtain a morphism Ŝ −→ Fe,
where e is a nonnegative integer and Fe is the minimal Hirzebruch surface containing a section with
self-intersection −e; with abuse of notation, we denote such a morphism again by ψˆ. The only curves
contracted by ψˆ are Ŵi, Ẑi. The next proposition shows that the map fˆ3 and the map ψˆ are essentially
the same.
Proposition 9.1. We have e = 2 and moreover there exists an automorphism φ of F2 such that φ ◦ ψˆ =
fˆ3.
Proof. Note that both the maps ψˆ and fˆ3 send the genus 2 pencil of Ŝ to the ruling of the corresponding
Hirzebruch surface. Let x ∈ Fe be a general point and {y1, y2} := ψˆ−1(x). Then y1+ y2 is an element of
the g12 of a genus 2 curve G of Ŝ; since the g
1
2 on G is unique, it follows fˆ3(y1) = fˆ3(y2) = z ∈ F2. The
map φ : Fe −→ F2 which associates z to x is clearly birational; moreover, since ψˆ and fˆ3 contract exactly
the same curves, φ is actually an isomorphism, hence e = 2 and we obtain a commutative diagram:
Ŝ
id
−−−−→ Ŝyψˆ yfˆ3
F2
φ
−−−−→ F2.
This completes the proof. 
Now, let us give a more precise description of the curve B♯. Proposition 9.1 shows that we can
identify the map fˆ3 : Ŝ −→ F2 with ψˆ; in particular, the branch locus of fˆ3 is given by the strict
transforms Âξ1 , Âξ2 , Âξ3 of the curves Aξ1 , Aξ2 , Aξ3 and by the seven exceptional divisors E1, . . . , E7.
The curves E1, . . . , E7 are mapped by fˆ3 to the seven fibres L1, . . . , L7 contained in the branch locus of
fˆ3; it follows that B
♯ is the image via fˆ3 of the three curves Aξ1 , Aξ2 , Aξ3 . Hence B
♯ is reducible and
we can write:
B♯ = B♯1 +B
♯
2 +B
♯
3,
where B♯i = fˆ3(Âξi). Note that B
♯
i is birational to Âξi , hence the geometric genus of B
♯
i is 0. Moreover
ÂξiG = 2 implies B
♯
iL = 2, that is B
♯
i
∼= 2C0 + aiL for some ai ∈ Z.
Since our F2 is embedded in P
5, we have OF2(1) = C0+3L; if H is a general hyperplane section of F2, H
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does not intersect the points coming from the contraction of Ŵj , Ẑj , hence (fˆ3)
∗(H) does not intersect
Ŵj , Ẑj . Since B
♯
i is in the branch locus of fˆ3, we obtain:
(C0 + 3L)(2C0 + aiL) = HB
♯
i = fˆ
∗
3 (H) · fˆ
∗
3 (B
♯
i )
= (π∗(K + 3G)−
7∑
j=1
Ej)Âξi = 7,
and this implies ai = 5, that is B
♯
i
∼= 2C0 + 5L as we expected.
We can describe the curve B♯ if we are able to describe the curves B♯i . Without loss of generality, we can
identify S with the surface X ∈ |D0|; using the notation of Proposition 6.15, let Ei be the exceptional
divisor over Pi, and let E
∗
j be the exceptional divisor over P
∗
j ; let Li be the image in F2 of Ei, and L
∗
j
the image of E∗j . Of course, L1, . . . , L3, L
∗
1, . . . , L
∗
4 are the seven fibres of F2 contained in the branch
locus of the map fˆ3. Finally, let us denote by xij the point in F2 coming from the contraction of the
curve B̂ij , and let mk, nk be the points coming from the contraction of the curves M̂k, N̂k respectively.
Notice that:
x23, x32 ∈ L1;
x13, x31 ∈ L2;
x12, x21 ∈ L3;
mk, nk ∈ L
∗
k.
Let us consider the curve B♯1. From relations (7) and (8) we obtain:
Aξ1B12 = Aξ1B13 = 2;
Aξ1B23 = Aξ1B32 = 1;
Aξ1B21 = Aξ1B31 = 0.
(23)
Moreover we know by Proposition 5.4 that all these curves intersect transversally. Therefore (23) implies
that B♯1 has two ordinary double points at x12, x13, it pass simply through x23, x32 and it does not
contain x21, x31. Moreover, since B
♯
1
∼= 2C0 + 5L, the genus formula gives pa(B
♯
1) = 2; the geometric
genus of B♯1 being 0, it follows that x12 and x13 are the only singular points of B
♯
1.
Finally, we have:
1 = Cξ1Mk = (Aξ1 +B12 +B13)Mk = Aξ1Mk,
because B12 is a component of G3, B13 is a component of G2 and Mk is a component of G
∗
k; in the same
way we have also Aξ1Nk = 1, and this implies that B
♯
1 pass simply through the points mk, nk for any
k = 1, . . . , 4. Of course, with the same argument we can give a similar description of the curves B♯2 and
B♯3.
Now, let us consider the canonical curve K of S. Since B♯C0 = 1, the intersection of B
♯ with C0 is
transversal; on the other hand, C0 intersects transversally any fibre and does not contain the singular
points of B♯, because the curve K̂ does not meet the curves M̂k, N̂k; this implies that the intersection
of C0 with the branch locus B is transversal, that is the canonical curve K is the double covering of C0
branched along the 10 distinct points of the set C0 ∩ B. Therefore K is smooth and hyperelliptic. We
can summarize all these considerations in the following:
Proposition 9.2. If S contains a pencil |G| of curves of genus 2, then Ŝ is the canonical resolution of
the double cover of F2 branched along the curve:
B = B♯ +
7∑
i=1
Li,
where the Li’s are distinct fibres and B
♯ is a curve linearly equivalent to 6C0 + 15L. Besides, B
♯ has 2
ordinary triple points on each fibre Li and no other singularities. More precisely, we have:
B♯ = B♯1 +B
♯
2 +B
♯
3,
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where B♯i is an irreducible curve linearly equivalent to 2C0 + 5L containing two ordinary double points.
The multiplicities of the curves B♯i at the points xij , mk, nk are as in the following table:
x21 x31 x12 x32 x13 x23 mk, 1 ≤ k ≤ 4 nk, 1 ≤ k ≤ 4
B♯1 0 0 2 1 2 1 1 1
B♯2 2 1 0 0 1 2 1 1
B♯3 1 2 1 2 0 0 1 1
The canonical curve K of S is smooth, hyperelliptic of genus 4.
Corollary 9.3. If S contains a genus 2 pencil |G|, then the general paracanonical curve Cu of S is
smooth, hyperelliptic of genus 4.
Proof. The last statement of Proposition 9.2 says that the canonical curve K of S is smooth; hence there
exists an open neighborhood E0 of 0 in E such that, for any u ∈ E0, Cu is smooth. Moreover, |G| cuts
out on Cu a g
1
2, and this implies that Cu is hyperelliptic (of genus 4). 
Let {F̂} be the Albanese pencil and |Ĝ| the genus 2 pencil of the surface Ŝ, whose general element
are of course isomorphic to F and G respectively. We are interested to the image of {F̂} on F2 via the
generically finite morphism fˆ3. Let F̂ be a general element of {F̂} and P = fˆ3(F̂ ); let aC0 + bL be the
class of P in F2. We first remark that the map fˆ3|F̂ : F̂ −→ P is birational. Indeed fˆ3|Ĝ is the canonical
map of Ĝ, which identifies conjugate points with respect to the hyperelliptic involution. It follows from
Corollary 6.6 that two conjugates points of Ĝ lie on two opposite fibres of {F̂}, therefore fˆ3 identifies
two opposite fibres of the Albanese map of Ŝ; this means that fˆ3 restricted to a general Albanese fibre
is birational. We know that ĜF̂ = K̂F̂ = 4; therefore the integers a, b satisfy:
L(aC0 + bL) = 4, C0(aC0 + bL) = 4,
that is P ∼= 4C0 + 12L. Again, we can identify S with X, and use the notation of Proposition 6.15.
Therefore we have:
F̂ B̂ij = 2 i, j = 1, 2, 3, i 6= j;
F̂ M̂k = 1 k = 1, 2, 3, 4;
F̂ N̂k = 3 k = 1, 2, 3, 4.
Hence we obtained the following:
Proposition 9.4. The image of the Albanese pencil |F | of S via the map fˆ3 is a 1−dimensional linear
system F ⊂ |4C0 + 12L|. The base points of F are the points xij ,mk, nk and the multiplicities of the
general curve of F at the base points are given in the following table:
x21 x31 x12 x32 x13 x23 mk, 1 ≤ k ≤ 4 nk, 1 ≤ k ≤ 4
F 2 2 2 2 2 2 1 3
Now we wish to describe the linear system Λ in F2, image of the bicanonical system |2K| of S via the
map fˆ3. Since |2K| has no base points, the same holds for the linear system π∗|2K| in Ŝ. Let Γ be a
general element of π∗|2K| and let ∆ = fˆ3(Γ) be the image of Γ in F2; the fact that the bicanonical map
of S restricted to G has degree 2 implies that fˆ3 restricted to Γ has degree 2, that is fˆ3|Γ : Γ −→ ∆ is a
double covering. Suppose ∆ ∼= aC0 + bL; since:
∆L =
1
2
fˆ∗3 (∆)fˆ
∗
3 (L) =
1
2
ΓĜ = 2,
we obtain a = 2.
Let G = W + Z be a reducible fibre of G; since π∗|2K| cuts out a g12 on Ŵ , it follows that the two
intersection points of Γ with Ŵ are conjugate points with respect to the involution induced over Γ by
the map fˆ3, and the same holds for the two intersection points of Γ with Ẑ. This implies that the curve
∆ is smooth at the 14 singular points of B♯. Since these are of course the only base points of the linear
system Λ, Bertini’s theorem says that the general curve of Λ is smooth. On the other hand, Âξ1 is a
component of the ramification divisor of fˆ3, so we can write:
B♯1∆ = Âξ1Γ + 14 = 16.
This means:
(2C0 + 5L)(2C0 + bL) = 16,
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that is b = 7.
Hence we have obtained the following result, which is a particular case of a result of Xiao (see [Xi85b,
p.14]):
Proposition 9.5. The image in F2 of the bicanonical system |2K| of S is the linear system Λ given by
the curves of |2C0 + 7L| having simple base points at the 14 points xij ,mk, nk.
Remark 9.6. Since Cu + C÷u ∈ |2K| for any u ∈ E, it follows that the two paracanonical curves Cu
and C÷u are identified via the map φ to the same element of the linear system Λ.
10. The bicanonical image
Let S be a minimal surface with pg = q = 1, K
2 = g = 3 and a genus 2 pencil |G|, and let φ : S −→ P3
be its bicanonical map; Corollary 8.3 states that φ is a generically finite morphism of degree 2. The aim
of this section is to give a description of the bicanonical image Σ of S, which is a rational surface of
degree 6 in P3. In the sequel we keep the notation of Section 9, unless explicitly stated. Let f : Ŝ −→ S
be the blow-up of S at the seven points P1, . . . , P3, P
∗
1 , . . . , P
∗
4 , and g : F̂2 −→ F2 the blow-up of F2 at
the 14 points xij ,mk, nk. The morphism fˆ3 : Ŝ −→ F2 induces a rational map ψ : S 99K F2 which is not
defined at P1, . . . , P3, P
∗
1 , . . . , P
∗
4 ; the indeterminacy of ψ
−1 is given by the 14 points xij ,mk, nk.
We have the following commutative diagram:
Ŝ
f
−−−−→ Syψˆ yψ
F̂2
g
−−−−→ F2.
Proposition 9.1 implies g ◦ ψˆ = fˆ3. It is clear that φ factors through ψ, hence we have a rational map
µ : F2 99K Σ, which is induced by the linear system Λ described in Proposition 9.5. Let E1, . . . ,E14 be the
exceptional divisors in F̂2; Proposition 9.5 says that the complete linear system |Λ̂| := |g∗Λ −
∑14
i=1 Ei|
is base point free, hence it induces a birational morphism:
µˆ = µ ◦ g : F̂2 −→ Σ.
In the sequel, we denote by Λ̂ a general (hence smooth) curve of |Λ̂|, and by L̂ a general fibre of F̂2;
moreover, we denote by L̂i + Ei + E7+i, i = 1, . . . , 7 the seven fibres of F̂2 containing the exceptional
divisors.
Lemma 10.1. The birational morphism µˆ maps the exceptional divisors Ei, E7+i isomorphically onto
lines λi, λ7+i and contracts the seven curves L̂i; moreover it maps L̂ and the curves B̂
♯
i isomorphically
onto conics.
Proof. The first three statements are immediate because Λ̂Ei = Λ̂E7+i = 1, Λ̂L̂i = 0, Λ̂L̂ = 2; the last
one is a consequence of the fact that the curves B̂♯i are in the branch locus of the map ψˆ and B̂
♯
i Λ̂ = 2. 
Let H be a general hyperplane section of Σ. The geometric genus of H is equal to the genus of the
smooth curve Λ̂; since Λ̂ is isomorphic to Λ, we obtain:
g(H) =
1
2
(2C0 + 7L)3L+ 1 = 4.
On the other hand, since the arithmetic genus of a plane sextic is 10, it follows that any hyperplane
section of Σ is singular, and this in turn implies that Σ has some multiple curve. It is no difficult to
describe this multiple curve. Indeed, a divisor on F2 linearly equivalent to 4C0+10L is ample by [Ha77,
Chapter V, Corollary 2.18], so h1(2C0 + 6L) = h
1(−(4C0 + 10L)) = 0 by Kodaira vanishing theorem.
Then Riemann-Roch formula gives:
h0(2C0 + 6L) =
1
2
(2C0 + 6L)(4C0 + 10L) + 1 = 15,
that is the complete linear system |2C0 + 6L| has dimension 14. Therefore there exists at least one
effective divisor Θ ∈ |2C0 + 6L| containing the 14 points xij ,mk, nk; let Θ̂ be its strict transform in F̂2.
For any fibre L̂ in the ruling of F̂2, µ(Θ̂ + L̂) is an hyperplane section of Σ; since the image of L̂ is a
conic, it follows that µ(Θ̂) ⊂ Σ is a quadruple line Γ. Hence the general hyperplane section H of Σ has
a quadruple point, and since we showed that its geometric genus is 4, this quadruple point is the only
singularity of H ; it follows that Γ is the only multiple curve of Σ.
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Proposition 9.5 says that every fibre Li (i = 1, . . . , 7) contains two base points of Λ; so ΘL = 2 implies
that the intersection of Θ with Li at these base points is transversal. As a consequence, we have that Θ̂
and L̂i are disjoint for every i = 1, . . . , 7. So Lemma 10.1 says that Σ contains seven isolated ordinary
double points Q1, . . . , Q7 coming from the contraction of the (−2)−curves L̂i via the birational morphism
µˆ. It is easy to see that these are the only curves contracted by µˆ, and since µˆ is birational this implies
that Q1, . . . , Q7 are the only isolated singularities of Σ.
Remark 10.2. Since |2K| cuts out on the general curve of |G| a g24, the exact sequence:
0 −→ H0(S, 2K −G) −→ H0(S, 2K) −→ H0(G, 2K|G)
implies h0(S, 2K − G) = 1, that is there exists just one effective divisor Ω ∈ |2K − G|. It is clear that
φ(Ω) = Γ, and since 2K(2K −G) = 8 and Γ is a line, the map φ|Ω : Ω −→ Γ has degree 8.
Finally, we show that λ1, . . . , λ14 and the quadruple curve Γ are the only lines on Σ. In order to do
this, we need the following:
Lemma 10.3. If A ⊂ S is a curve such that KA = 1, then one of the following cases holds:
(1) A = Aξi for some 1 ≤ i ≤ 3;
(2) A is one of the 14 elliptic curves contained in the reducible fibres of |G|.
Proof. The ampleness of K implies that A is irreducible, and the Index Theorem says A2 = −3 or
A2 = −1. Hence either pa(A) = 0 or pa(A) = 1, so A is smooth by Corollary 5.3. On the other hand,
Proposition 6.18 yields:
3 = 3KA = 3GA+
3∑
i=1
AξiA.
Suppose that A is different from Aξi for all 1 ≤ i ≤ 3; then we have
∑3
i=1AξiA ≥ 0, and since G moves
in a pencil without fixed points we have only two possibilities:
(∗) GA = 0,
∑3
i=1 AξiA = 3;
(∗∗) GA = 1,
∑3
i=1 AξiA = 0.
If (∗) holds, GA = 0 implies that A is a component of a reducible fibre of |G|, that is we are in case (2)
of our lemma.
Now we suppose that (∗∗) holds, and we get a contradiction. Since |G| is a rational pencil and GA = 1,
all the points of A are linearly equivalent, so A is smooth rational and A2 = −3; moreover GA = 1
again says that A does not meet the isolated points of the bicanonical involution σ (because they are
the singular points of the reducible fibres of |G|) and
∑3
i=1 AξiA = 0 shows that A does not meet the
fixed curves. This implies that the involution σ does not have fixed points on A, and since A ∼= P1 this
implies σ∗(σ(A)) = A+A∗, where A∗ ∼= A and AA∗ = 0. Since
∑3
i=1AξiA = 0 implies
∑3
i=1 AξiA
∗ = 0,
we obtain that Aξ1 , Aξ2 , Aξ3 , A,A
∗ are five disjoint rational curves on S with self-intersection −3. This
contradicts inequality (6) of [Mi84], and we are done. 
Now, suppose that λ is a line in Σ, different from Γ; the general point of λ is a smooth point for
Σ, because Γ is the only multiple curve of Σ, then if we consider the maximal divisor A ⊂ S such that
φ(A) = λ, we have:
KA =
1
2
(2K)A = Hλ = 1,
so A is an irreducible curve on S with KA = 1, and Lemma 10.3 implies that either A = Aξi for some
1 ≤ i ≤ 3 or A is one of the components of the reducible fibres of |G|. The former case cannot hold,
because Lemma 10.1 shows that the images of the curves Aξi are conics; hence the latter case holds, that
is λ = λi for some 1 ≤ i ≤ 14. Therefore we have the following:
Proposition 10.4. The bicanonical image Σ of S is a surface of degree 6 in P3 such that its only sin-
gularities are a quadruple line Γ and 7 isolated ordinary double points Q1, . . . , Q7.
Γ is the image on Σ of the only effective divisor in the linear system |2K −G|, whereas the double points
are the images of the 7 isolated fixed points of the bicanonical involution σ.
Besides the quadruple line Γ, Σ contains exactly 14 lines λ1, . . . , λ14, which are the images of the com-
ponents of the reducible fibres of |G|.
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Part 3. The bicanonical map of surfaces with pg = q = 1, K
2 = g = 3
11. Statement of the result
Let S be a minimal surface of general type with pg = q = 1, d the degree of its bicanonical map
φ : S −→ PK
2
and Σ = φ(S) the bicanonical image. A result of Xiao (see [Xi90, Proposition 5]) states
that if pg = q = 1, K
2 ≥ 5 and S presents the non-standard case, then d = 1, 2 or 4. However, this result
does not apply if one wants to investigate the bicanonical map of surfaces with pg = q = 1, K
2 = 3.
Therefore in this case, since (2KS)
2 = 12, we have a priori the following possibilities:
d = 1, deg Σ = 12;
d = 2, deg Σ = 6;
d = 3, deg Σ = 4;
d = 4, deg Σ = 3;
d = 6, deg Σ = 2.
(24)
The main result of Part 3 is Theorem 11.1 below, which says that generically only the first case in (24)
occurs.
Theorem 11.1. There exists a subset M 0 of the moduli space M of surfaces with pg = q = 1, K
2 =
g = 3 such that:
• M 0 is dense in M with respect to the Zariski topology;
• if [S] ∈ M 0, then the bicanonical map of S is a birational morphism.
Sections 12 and 13 deal with the proof of Theorem 11.1
12. A subset of |D0|
Let as usual D0 be a divisor in E(3) linearly equivalent to 4D0 − F0.
Proposition 12.1. Let u ∈ E be a point which is not one of the eight nonzero 3−torsion points of
E. For a general choice of X in |D0|, the paracanonical divisor Cu of X (i.e. the scheme-theoretical
intersection Du ·X ⊂ X) is a smooth, irreducible curve.
Proof. We consider separately the two cases u 6= 0 and u = 0.
• u 6= 0.
In this case H0(E(3), D0 − Du) = H0(E(3),−KE(3) − u) = 0 by Proposition 1.4, then
H1(E(3), D0 − Du) = 0 by Theorem 1.3. Hence, by considering the cohomology of the ex-
act sequence:
0 −→ OE(3)(D0 −Du) −→ OE(3)(D0) −→ OE(3)(D0)|Du −→ 0,
we obtain an isomorphism:
H0(E(3), D0)
∼=
−−→ H0(Du, D0|Du),
that is |D0| cuts out over Du a complete linear system |L|. Via the standard identification of
Du with E(2), L is associated with a line bundle algebraically equivalent to 4h− f , where f is a
class of a fibre and h is the tautological class. Thus |L| is base point free by [CaCi93, Theorem
1.18], and Bertini’s theorem allows us to conclude that the general element of |L| is smooth and
irreducible.
• u = 0.
Look at the restriction map:
H0(E(3), D0)
r
−−→ H0(D0, D0|D0).
The image of r gives a linear system L on D0 which is without fixed components, because |D0|
has at most a finite number of base points. Moreover the last statement of Proposition 9.2 says
that the only surface X in |D0| containing a genus 2 pencil cuts out on D0 a smooth, irreducible
curve. Of course this curve is an element of L, therefore we conclude again by using Bertini’s
theorem.

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Notation 12.2. We denote by B the subset of |D0| consisting of divisors X enjoing the following
properties:
• X is smooth (that is the corresponding S has ample canonical class);
• the curves Cξ0 := KX , Cξ1 , Cξ2 , Cξ3 are smooth.
Notice that if X ∈ B then the general paracanonical curve of X is smooth (hence irreducible, because
the paracanonical divisors are 2−connected).
Corollary 12.3. B is a dense subset of |D0|.
Proof. Since the general elements of |D0| is smooth, the result follows from Proposition 12.1. 
Our goal is to show the following:
Theorem 12.4. If X ∈ B, then the bicanonical map of X is a birational morphism.
Let us define M 0 as the subset of M parameterizing isomorphism classes of surfaces S ∈ B. It is
clear that Theorem 11.1 follows as soon by using Corollary 12.3 and Theorem 12.4. Therefore we need
to prove Theorem 12.4, and this is done in the next section.
13. Proof of Theorem 12.4
We prove Theorem 12.4 by showing that, if X ∈ B, then none of cases d = 2, 3, 4, 6 occurs.
13.1. The case d = 2.
Proposition 13.1. If X ∈ B, then d = 2 does not occur.
Proof. Suppose that d = 2 occurs. Therefore the proof of Proposition 8.8 tells us that there are two
possibilities:
• X contains the three curves Aξ1 , Aξ2 , Aξ3 but not the curve Aξ0 . In this case X = X, i.e. X
contains a genus 2 pencil;
• X contains the curve Aξ0 , but none of the curves Aξi , 1 ≤ i ≤ 3. If this happens, then we are in
the non−standard case.
Recall now that Aξi is a component of Cξi for i = 0, 1, 2, 3. Thus in the former case the three paracanon-
ical divisors Cξ1 , Cξ2 , Cξ3 are reducible, whereas in the latter case the canonical divisor KX = Cξ0 is
reducible. In both cases, X is not contained in B and we are done. 
13.2. The case d = 3.
Proposition 13.2. Suppose d = 3, and let k ∈ Z be an odd positive integer. Then Σ contains at most
finitely many irreducible plane curves of degree k. In particular, Σ contains at most finitely many lines
and finitely many plane cubics.
Proof. Suppose that Σ contains infinitely many plane curves of degree k. Let T be one of them such
that T is contained neither in the singular locus of Σ nor in the branch locus of φ. If Θ is the pull-back
of T in S, then we have:
KΘ =
1
2
(2K)Θ =
3
2
k,
a contradiction because k is odd. 
Corollary 13.3. If d = 3 and L ⊂ Σ is a line, then Σ contains a multiple curve Γ such that L ⊂ Γ.
Proof. Suppose that the general point of L is smooth for Σ; since Σ is not ruled in lines by Proposition
13.2, the pencil of planes through L cuts out a pencil of cubics in Σ. But this contradicts again Proposition
13.2. 
Corollary 13.4. If d = 3, then Σ contains an infinite number of conics.
Proof. Let u ∈ E be a general point. We know by Theorem 2.3 that the general paracanonical divisor
Cu ∈ S is irreducible and moreover that Cu +C÷u ∈ |2K|. Then the image in Σ of Cu +C÷u is a plane
curve of degree 4. Since (2K)Cu = 6 and 4 does not divide 6, it follows that φ(Cu) and φ(C÷u) are
distinct, irreducible curves. Therefore Proposition 13.2 implies that, for general u, φ : Cu −→ φ(Cu) is
triple cover of a smooth conic, and we are done. 
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Let us denote by H(u,÷u) the plane of P3 that cuts out on Σ the plane section Cu + C÷u; therefore
H := {H(u,÷u) | u ∈ E} is an algebraic, one-dimensional system of planes in P3 parametrized by the
rational curve ∆ = {Cu+C÷u}u∈E ⊂ |2K|. Proposition 3.3 of [CaCi91] tells us that ∆ is an irreducible
curve of degree 3 in the 3−dimensional projective space |2K|, in particular ∆ is not a line. Thus we
obtain:
Proposition 13.5. The algebraic system H is not a pencil, hence the planes of H don’t contain a
common straight line.
By Corollary 13.4 the surface Σ is a quartic surface that contains an algebraic system of plane sections
which are reducible into pairs of conics. The study of such surfaces was made by Kummer in [Ku]; a
good account of this subject is Chapter VII of [Je16]. In order to state the result of Kummer, we need
the following remark: if a plane section of a surface Σ ⊂ P3 with a plane H contains a node, this node
is either a node of Σ or a point of contact of Σ and H .
Theorem 13.6 (Kummer). Let Σ ⊂ P3 be an irreducible quartic surface, not ruled in lines. Suppose
that there exists a positive dimensional, algebraic family of planes H = {Ht} such that the section Ht∩Σ
splits into a pair of conics. Then we are in one of the following cases.
(a) Suppose that the general plane of the family is not tangent to Σ; then we have several possibili-
ties:
(a1) two nodes are fixed for all the plane sections; in this case Σ has a double conic and (at least) two
isolated double points, and H coincides with the pencil of planes through these double points;
(a2) three nodes are fixed for all the plane sections; in this case they belong to a line which is double
for the surface, and H is the pencil of planes through this line;
(a3) some of the double points of the sections always coincide; in this case either we are led to some
special cases of (a1), or we obtain a new type of surfaces, whose equation can be written in the
form:
Φ2 = α1α2α3α4,
where Φ = 0 is a quadric and αi = 0 are four coaxial planes. These surfaces contain two
tacnodes, and H is the pencil of planes through these tacnodes.
(b) The general plane of H is tangent once to Σ; then we have the following possibilities:
(b1) none of the remaining nodes is fixed for all the plane sections of the family; in this case Σ is a
Steiner surface, and the family H is a family of tangent planes;
(b2) one of the remaining nodes is fixed; in this case the surface Σ contains a double conic and a
node, and H is a family of tangent planes passing through this node.
(c) The general plane of H is bitangent to Σ; in this case Σ contains a double conic.
Corollary 13.7. Let Σ ⊂ P3 be an irreducible quartic surface which is not ruled in lines. Suppose that
Σ contains infinitely many conics; then one of the following holds:
(i) Σ is of the form
Φ2 = α1α2α3α4,
where Φ = 0 is a quadric and αi = 0 are four coaxial planes;
(ii) Σ has a double line;
(iii) Σ has a double conic;
(iv) Σ is a Steiner surface.
Let’s now give a sketch of proof of Kummer’s Theorem 13.6.
The sections of Σ with the planes of H are quartic plane curves that split into two conics, hence they
contains four nodes (possibly infinitely near). Let us consider first the case when no point is a point of
contact. If none of the nodes is fixed, then Σ contains a double curve of degree 4; this implies that any
hyperplane section of Σ has four nodes and hence is reducible, and this in turn implies that Σ itself is
reducible. If exactly one of the four nodes, say P , is fixed, than Σ contains a double curve of degree 3;
hence all the plane sections through the point P are reducible, and this implies either that Σ itself is
reducible or that it is a cone whose vertex is P (see [Ku, p.67] ). Then we can suppose that at least
two nodes are fixed. If exactly two nodes are fixed, then the remaining two move and they form on Σ
a double conic; this is case (a1). Suppose now that three nodes are fixed; therefore they necessarily lie
on a line, that must be double for the surface: otherwise, the plane sections containing the nodes would
be the union of a line and an irreducible plane cubic, instead of two conics; this is case (a2). Finally,
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we must consider the case when the four nodes of the plane sections are not distinct; this happens in
two cases: when we have some particular case of surface of type (a1) (namely, when some of the isolated
double points become infinitely near) and when the surface Σ contains two tacnodes. In the latter case
the equation of Σ is Φ2 = α1α2α3α4, where Φ is a homogeneous polynomial of degree 2 and the αi’s are
four linear polynomial defining coaxial planes; the two tacnodes are given by the intersection of the axis
of such planes with the quadric Φ = 0, and the pencil of planes through the tacnodes cuts out on Σ a
pencil of quartic curves that split into two bitangent conics. This is case (a3).
Let us consider now the case when one of the nodes of the hyperplane sections is always a point of
contact of the plane with the surface. If none of the remaining three nodes is fixed, then Σ contains a
double curve of degree 3, and this curve can be given by a twisted cubic curve, by a conic and a line
or by three lines concurrent at the same point; in the first two cases Σ is ruled in lines, whereas in the
last one we obtain a Steiner surface; it is indeed well known that the ∞2 tangential plane sections of
a Steiner surfaces are reducible into pairs of conics, and that conversely this property characterizes the
Steiner surfaces (see [Con39]); this is case (b1). If one of the remaining nodes is fixed, then the other two
form a double conic in Σ, and the algebraic system H is given by the the tangent planes to Σ passing
through the fixed node: this is case (b2).
Finally, let us suppose that the general plane of H is bitangent to Σ; then none of the remaining nodes
can be fixed, ant this in turn implies that Σ contains a double conic.
The proof of Theorem 13.6 in complete.
The following result is classically well-known.
Proposition 13.8. Let Σ ⊂ P3 be either a Steiner surface or an irreducible quartic surface with a double
conic. Then Σ is not linearly normal.
Proof. The Steiner surface is the projection of the Veronese surface V4 ⊂ P5 from a general line, hence
it is not linearly normal. On the other hand, Segre showed in [Seg] (see also [Co39, Capitolo VI] e [Je16,
Chapter III]) that any quartic surface with a double conic is the projection from an external point of a
surface Φ4 ⊂ P4 which is complete intersection of two quadrics; hence it is not linearly normal. 
Now we are ready to show the following:
Proposition 13.9. The case d = 3 never occurs.
Proof. Suppose that d = 3 occurs. Then by Corollary 13.4 the bicanonical image Σ is a surface in P3
which contains infinitely many conics, and that is not ruled in lines because of Proposition 13.2. It
follows that Σ is one of the surfaces listed in Corollary 13.7. Now, cases (i) and (ii) must be excluded
because otherwise the conics would be cut out on Σ by a pencil of planes, contradicting Proposition 13.5.
On the other hand, cases (iii) and (iv) must be excluded because otherwise Σ would be not linearly
normal (Proposition 13.8), against the fact that the map φ is induced by the complete bicanonical
system |2K|. 
13.3. The case d = 4.
Proposition 13.10. If d = 4, then Σ is not ruled in lines.
Proof. By contradiction, suppose that {L} is a pencil of lines in Σ and let {Λ} be its pullback in S.
Therefore we have:
KΛ =
1
2
(2K)Λ =
d
2
= 2.
The Index Theorem gives K2Λ2 ≤ (KΛ)2, that is Λ2 ≤ 1; since KΛ = 2, Λ2 is an even integer, hence
Λ2 = 0. So {Λ} is a genus 2 pencil on S, therefore Corollary 8.3 gives d = 2 and this is a contradiction. 
Proposition 13.11. If X ∈ B, then the case d = 4 does not occur.
Proof. By contradiction, suppose d = 4. Then the bicanonical image Σ is a surface of degree 3 in P3.
If Σ contains a double line, Σ would be ruled in lines and this contradicts Proposition 13.10; the same
happens if Σ contains a triple point. Therefore Σ is a cubic surface with at worst rational double points,
hence KΣ = −H , where H is a general hyperplane section of Σ. Now we apply the Hurwitz formula to
the bicanonical morphism φ : S −→ Σ; if R is the ramification divisor, we obtain:
K ∼= φ∗KΣ +R,
31
that is R ∼= 3K. On the other hand, from the definition of B it follows that the four curves Cξi , i =
0, 1, 2, 3 are smooth curves of genus 4. The bicanonical divisors 2Cξi correspond to hyperplane sections
Hi ⊂ Σ. We claim that each Hi is an irreducible, reduced plane cubic. Indeed, from the exact sequence
(25) 0 −→ OS(Cξi) −→ OS(2KS) −→ OS(2KS)|Cξi −→ 0
it follows that |2K| cuts out on Cξi a g
2
6 (which is complete if i 6= 0). Then the support of the divisor
Hi is an irreducible, nondegenerate curve in P
2, and since Hi is a hyperplane section and degΣ = 3 our
claim follows. As (2K)2 = 12, we obtain:
φ∗(Hξi) = 2Cξi , 0 ≤ i ≤ 3,
and this says that the four curves Cξ0 , . . . , Cξ3 are contained in the ramification divisor R of φ. Since
Cξ0 + · · ·+ Cξ3 ∼= 4K, we obtain h
0(S, R− 4K) > 0. But this is impossible, because R ∼= 3K. 
13.4. The case d = 6.
Proposition 13.12. If X ∈ B, then the case d = 6 does not occur.
We give two different proofs.
First proof. Assume that φ has degree 6. The bicanonical image Σ is a linearly normal surface of
degree 2 in P3, hence a smooth quadric or a quadric cone. But Σ cannot be a smooth quadric; indeed,
if L is the pullback on S of a ruling of Σ, we would have L2 = 0, KL = 3, and this is absurd because
KL + L2 must be an even integer. Hence Σ is a quadric cone. We apply the Hurwitz formula to the
bicanonical morphism φ : S −→ Σ; if R is the ramification divisor, we have:
K ∼= φ∗KΣ +R,
that is R ∼= 5K. Let Hξi be again the plane section of Σ corresponding to the bicanonical divisor
2Cξi , i = 0, . . . , 3. Since |2K| cuts out on Cξi a g
2
6, it follows that Hξi is a smooth conic. Therefore we
have:
φ∗(Hξi) = 2Cξi , 0 ≤ i ≤ 3,
and this shows that the curves Cξ0 = K, Cξ1 , Cξ2 , Cξ3 are contained in the ramification divisor R with
multiplicity 1, thus we can write:
R =
3∑
i=0
Cξi +D,
whereD is an effective curve containing none of the curvesK, Cξ1 , Cξ2 , Cξ3 in its support. But R
∼= 5K,
thus we have:
D ∼= 5K −
3∑
i=0
Cξi
∼= K,
hence D = K, a contradiction.

Second Proof. We showed that Σ is a quadric cone; projecting from its vertex, we obtain a rational map
S 99K P1, that is a linear pencil |D| without fixed part such that KD = 3 and 2K ∼= 2D + G, where
G is an effective divisor such that KG = 0. This implies that every component of G is a (−2)−curve,
and since X ∈ B we obtain G = 0. Therefore 2D is linearly equivalent to 2K, but D is not linearly
equivalent to K because pg(S) = 1. This means that D−K is a non trivial 2−torsion element in Pic(S),
so we can consider the e´tale double cover π : Y −→ S determined by D −K. Of course Y is a minimal
surface of general type and we have:
(26)
K2Y = 2K
2 = 6;
χ(OY ) = 2χ(OS) = 2;
pg(Y ) = pg(S) + h
0(S, D) = 3,
hence q(Y ) = 2. The Albanese fibration α : S −→ E of S induces a fibration f ′ : Y −→ E. Let
f : Y −→ B be the Stein factorization of f ′, g the genus of the general fibre of f and b the genus of B.
Of course b ≥ 1, because B dominates E; on the other hand, the inequality K2Y ≥ 8(g − 1)(b− 1) yields
b = 1, thus B is again an elliptic curve. Since c2(Y ) = 18 6= 0, Zeuthen−Segre formula (see [BPV84,
p.97]) implies that the fibration f contains some singular fibres, hence f is not locally trivial by the
Grauert−Fischer theorem. Recall now that if S is a surface and f : S −→ B is a fibration over a smooth
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curve B which is not locally trivial, it makes sense to consider the slope λ(f) of f , which is defined as
the following ratio:
λ(f) := K2S/B/deg(f∗ωS/B).
It is not difficult to see that λ(f) is the unique number satisfying:
K2S = λ(f)χ(OS) + (8 − λ(f))(b − 1)(g − 1).
In order to conclude our second proof of Proposition 13.12, we use the following result, whose proof can
be found in [Xi87].
Theorem 13.13 (Xiao). Let f : S −→ B be a minimal fibration, not locally trivial, with g ≥ 2. Then:
4(g − 1)/g ≤ λ(f) ≤ 12
and the second inequality becomes an equality if and only if every fiber of f is smooth and reduced.
Moreover, if λ(f) < 4, then q(S) = g(B).
The slope of the fibration f : Y −→ B is λ(f) = K2Y /χ(OY ) = 3; hence the last statement in Theorem
13.13 gives q(Y ) = g(B). Since q(Y ) = 2 and g(B) = 1, we obtained a contradiction.

This concludes the proof of Theorem 12.4.
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